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Relativisti QM of partiles - heuristi motivation

(a) suppress partile / antipartile interations

K-G eq.
Foldy-Wouthuysen−−−−−−−−−−→ i

d

dt
|ψ〉= Ĥ|ψ〉

Foldy, Leslie L., and Siegfried A. Wouthuysen. "On the Dira theory of spin 1/2 partiles and its

non-relativisti limit." Physial Review 78.1 (1950): 29.

(b) integrate �eld degrees of freedom (e.g. Aα = (φ
c
, ~A))

lassial Darwin Hamiltonian:H(~xµ ,~pµ)

Darwin, Charles Galton. "LI. The dynamial motions of harged partiles." The London,

Edinburgh, and Dublin Philosophial Magazine and Journal of Siene 39.233 (1920): 537-551.

Ĥ = Ĥ(0)+
1

c2
Ĥ(1)+

1

c4
Ĥ(2)+ ...
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Foldy's relativisti QM framework

�xed number of partiles (no antipartiles, no mediating �eld)

non-relativisti kinematis

[r̂ iµ , r̂
j
ν ] = [p̂iµ , p̂

j
ν ] = 0 [r̂ iµ , p̂

j
ν ] = iδµνδij

relativisti dynamis

i
d

dt
|ψ〉= Ĥ |ψ〉 Ĥ =∑

µ

Ĥµ + Û Ĥµ = (p̂2µc
2+m2

µc
4)1/2

Lämmerzahl, Claus. "The pseudodi�erential operator square root of the Klein�Gordon equation."

Journal of mathematial physis 34.9 (1993): 3918-3932.
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Poinaré algebra

time evolution H , translations Pi , boosts Ki , rotations Ji

[Pi ,Pj ] = 0 [Ji ,Jj ] = iεijkJk [Ki ,H ] = iPi

[Pi ,H ] = 0 [Ji ,Pj ] = iεijkPk [Ki ,Kj ] =−iεijkJk/c
2

[J i ,H ] = 0 [Ji ,K j ] = iεijkKk [Ki ,Pj ] = iδijH /c2

Marko Toro²
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Galilei algebra

Galilei algebra (entral extension)

[Pi ,Pj ] = 0 [Ji ,Jj ] = iεijkJk [Ki ,H ] = iPi

[Pi ,H ] = 0 [Ji ,Pj ] = iεijkPk [Ki ,Kj ] = 0

[J i ,H ] = 0 [Ji ,K j ] = iεijkKk [Ki ,Pj ] = iδijm

Inönü-Wigner ontration: Poinaré 99K Galileo

Marko Toro²
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Foldy's relativisti QM framework - generators

P = ∑
µ

p̂µ K =∑
µ

K̂µ + V̂ Kµ =
1

2c2

{

r̂µ , Ĥµ

}

− tp̂µ

J = ∑
µ

(

r̂µ × p̂µ

)

H =∑
µ

Ĥµ + Û Hµ = (p̂2µc
2+m2

µc
4)1/2

Ĥµ ≈mµc
2+

p̂2µ
2mµ

+O( 1

c2
) K̂µ ≈mr̂µ − tp̂µ +O( 1

c2
)

Poinaré algebra onstrains U , V

Krajik, R. A., and L. L. Foldy. "Relativisti enter-of-mass variables for omposite systems with

arbitrary internal interations." Physial Review D 10.6 (1974): 1777.
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Foldy's relativisti QM framework - enter of mass

Single partile form (de�nition of CM oordinates)

P = P̂ K =
1

2c2

{

R̂ ,Ĥ
}

− tP̂

J = R̂× P̂ H = Ĥ = (P̂2c2+ ĥ2)1/2

[R̂i , R̂j ] = [P̂i , P̂j ] = 0 [R̂i , P̂j ] = iδij [ĥ, R̂i ] = [ĥ, P̂i ] = 0

Krajik & Foldy onstrution of CM oordinates

r̂µ , p̂µ −→ non-relativisti CM

unitary transformation−−−−−−−−−−−−−→
iterative

relativisti CM

r̂µ ≈ ρ̂µ + R̂+O( 1

c2
) p̂µ ≈ π̂µ +

mµ

M
P̂+O( 1

c2
)

Marko Toro²
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Non-inertial frames I

inertial referene frames

H oo L //

U
��

∂t

Φ
zzt
t
t
t
t
t

Ĥ

��

Ût = e−i Ĥt
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Non-inertial frames II

family of inertial referene frames instantaneously at rest with

the Rindler observer: (T,X,Y,Z)

Φ in inertial referene frames

Ĥ
Rindler

?OO

✤

✤

✤

✤
Ĥ+ g

2c2
{X̂ , Ĥ}
OO

Φ
✤

✤

✤

∂t ′
(

1+ g X
c2

)

∂T

on T = 0 hypersurfae.

Marko Toro²
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Laboratory referene frame I

metri near a timelike urve in Fermi normal oordinates 99K

Rindler

gµνdx
µdxν =

(

1+
gX

c2

)

2

c2dT 2+dX 2+dY 2+dZ 2

(1)

Manasse, F. K., and Charles W. Misner. "Fermi normal oordinates and some basi onepts in

di�erential geometry." Journal of mathematial physis 4.6 (1963): 735-745.

�rst step: gravity 99K non-inertial frames

Pikovski, Igor, et al. "Universal deoherene due to gravitational time dilation." Nature Physis

11.8 (2015): 668-672.

Marko Toro²
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Laboratory referene frame II

oupling between

CM position X (Foldy's relativisti QM framework)

�total energy� of the system

oupling related to relative aeleration

apparatus

free fall suspended

s

y

s

t

e

m

free fall /

g
2c2

{

X̂ , Ĥ
}

suspended

g
2c2

{

X̂ , Ĥ
}

/

Marko Toro²
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Outline

X Foldy's relativisti QM formalism

X dynamis in (non) inertial referene frames

dynamial maps

Poinaré ovariane

(non)-unitary modi�ations

ollapse models
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Introdution to dynamial maps

Shrödinger eq., von Neumann eq.

i
d

dt
|ψ〉= Ĥ|ψ〉 d

dt
ρ̂ =−i

[

Ĥ, ρ̂
]

von Neumann map

ρ̂t
2

= M (t
2

,t
1

)[ρ̂t
1

]

M (t
2

,t
1

)[ · ] = e−i Ĥ(t
2

−t
1

)[ · ]e i Ĥ(t
2

−t
1

)

Marko Toro²
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Introdution to dynamial maps -M (t
2

, t
1

) motivation

Open quantum systems

integrate the environment degrees of freedom

intrinsi non-unitary modi�ations

lassial limit (ollapse models)

lassialization maps (measure of marosopiity)

General relativity (Penrose)

Marko Toro²
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Introdution to dynamial maps - framework

Foldy's framework

non-relativisti kinematis X
relativisti dynamis X

Poinaré algebra X

non-relativisti limit X

generic map

M (I )(t
2

,t
1

)[.] = ∑
i

Âi(t2,t1)[.]B̂i (t2,t1)

Marko Toro²
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Translational and Lorentz boost ovariane I

covariance

M (I )(t
2

,t
1

) = G̃ −1 ◦M (I )(t
2

,t
1

)◦G

translations and Lorentz boosts

P =p̂

K =
1

2c2

{

x̂ , Ĥ
}

Ĥ = (p̂2c2+m2c4)1/2

Marko Toro²
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Translational and Lorentz boost ovariane II

generalized Weyl - Wigner decomposition

(χ̂ = ξ x̂ξ †, π̂ = ξ p̂ξ †)

M (I )(t
2

,t
1

)[.] =

∫

dαL

∫

dβL

∫

dαR

∫

dβR g(t2,t1,αL,βL,αR ,βR)

× e i(αL·χ̂+βL·π̂)[.]e−i(αR ·χ̂+βR ·π̂)

1/c0 (with ξ = I):

g(t
2

, t
1

,αL,βL,αR ,βR) ∝ δ (αL−αR)δ (βL−βR)

1/c2 (∀ξ ):

g(t
2

, t
1

,αL,βL,αR ,βR) ∝ δ (αL)δ (αR )δ (βL)δ (βR )

Marko Toro²
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Translational and Lorentz boost ovariane III

non-relativisti: Holevo result (not in standard form)

M (I )(t
2

,t
1

)[.] =
∫

dα
1

∫

dβ
1

∫

dα
2

∫

dβ
2

G (t
2

,t
1

,α ,β )

× e i(α ·x̂+β ·p̂)[.]e−i(α ·x̂+β ·p̂)

relativisti (at 1/c2): trivial map

M (I )(t
2

,t
1

)[.] =C (t
2

,t
1

)I[.]

Marko Toro²
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Translational and Lorentz boost ovariane - physial insight
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Outline

X Foldy's relativisti QM formalism

X dynamis in (non) inertial referene frames

X dynamial maps

X Poinaré ovariane

(non)-unitary modi�ations

ollapse models
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Map from a minimal set of assumptions I

(i)Probabilisti interpretation

Tr[ρt ] = 1

(ii) Gisin's no superluminal signaling theorem

M [ · ] = ∑i Ki · K †
i

Generi CP linear map

ρ̂t
2

= M (t
2

,t
1

) [ρ̂t
1

]

Marko Toro²
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Map from a minimal set of assumptions II

(iii) stationary initial onditions

(iv) translational and rotational ovariane

(v) asymptoti Gibbs state

Marko Toro²
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Map from a minimal set of assumptions III

(vi) Gaussian maps

Mt = T exp

{

∫ t

0

dτ
∫ t

0

ds Djk(τ ,s)

·
(

Âk
s,LÂ

j
τ ,R −θτ ,sÂ

j
τ ,LÂ

k
s,L−θs,τ Â

k
s,R Â

j
τ ,R

)}

Diósi, Lajos, and Lua Ferialdi. "General non-markovian struture of gaussian master and stohasti

shrödinger equations." Physial review letters 113.20 (2014): 200403.

Marko Toro²
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Stationary initial onditions

M t
2

+u
t
1

+u = M t
2

t
1

M t
0

= M t

Kernel ondition

Djk(τ +u,s+u) = Djk(τ ,s)

Marko Toro²
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Translational and rotational ovariane

Mt = G̃ −1 ◦Mt ◦G
Â=

∫

dα
∫

dβ g(α ,β )e i(α x̂+β p̂)

D(α
1

,β
1

,α
2

,β
2

,τ ,s) = Djk(τ ,s)g
j ∗
τ (α

1

,β
1

)gk
s (α2

,β
2

)

Kernel onditions

D(α
1

,α
2

,β
1

,β
2

,τ ,s) = δ (α
1

−α
2

)D(α
1

,α
2

,β
1

,β
2

,τ ,s)

D(Rα
1

,Rβ
1

,Rα
2

,Rβ
2

,τ ,s) = D(α
1

,β
1

,α
2

,β
2

,τ ,s)

Marko Toro²



logo

Introdution

QM in referene frames

Dynamial maps

Summary

Intermediate result

Charaterization of translational ovariant map

Mt =T exp

{

∫ t

0

dτ

∫ t

0

ds

∫

dα Djk(τ ,s)

(

[JkL (p̂,α)e iα x̂L(s)] [J j†R (p̂,α)e−iα x̂R(τ)]

−θτ ,s [J
j†
L (p̂,α)e−iα x̂L(τ)] [e iα x̂L(s)JkL (p̂,α)]

−θs,τ [J
k
R(p̂,α)e iα x̂R(s)] [e−iα x̂R(τ)J

j†
R (p̂,α)]

}

Marko Toro²
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Asymptoti Gibbs state

t ≫ τC =⇒ Djk(τ ,s)→ δ (τ − s)Djk

ρ̂t = Mt [ρ̂0] =⇒ d ρ̂
dt

= Lt [ρ̂]

Lt =
∫

dQ

(

e i/h̄Qx̂t J(p̂,Q)ρ̂J†(p̂,Q)e−i/h̄Qx̂t − 1

2

{J†(p̂,Q)J(p̂,Q), ρ̂}
)

ρ̂
asm

=
(

β
2mπ

)

3/2
exp(−β Ĥ) β = 1/(kBT )

Operator

J(p̂,Q) =

√

λ m2

m2

0

(

rC√
π h̄

)

3

exp

(

− r2C
2h̄2

(

(1+ kT)Q+2kT p̂
)

2

+ β
8m3c2

p̂4
)

kT = β h̄2

8mr2
C

Marko Toro²
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Map from a minimal set of assumptions - �nal result

CD map

Mt = T exp

{

∫ t

0

dτ
∫ t

0

ds

∫

dQDτ ,s

(

[JL(p̂,Q)e i/h̄Qx̂L(s)] [J†
R(p̂,Q)e−i/h̄Qx̂R(τ)]

−θτ ,s [J
†
L(p̂,Q)e−i/h̄Qx̂L(τ)] [e i/h̄Qx̂L(s)JL(p̂,Q)]

−θs,τ [JR(p̂,Q)e i/h̄Qx̂R(s)] [e−i/h̄Qx̂R(τ)J†
R(p̂,Q)]

}

J(p̂,Q) =

√

λ m2

m2

0

(

rC√
π h̄

)

3

exp

(

− r2C
2h̄2

(

(1+ kT)Q+2kT p̂
)

2

+ β
8m3c2

p̂4
)

Marko Toro²
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CD map parameters (non-relativisti)

λ , rC , D(τ ,s), T , u 99K (λ , rC ) for a range of (τC ,T , |u|)
(λ , rC ) remain in the Galilei boost ovariant, Markovian limit

∆x . 10

−5m, τC . 10

−13s

approximation

breaks down

10-14 10-12 10-10 10-8 10-6 10-4 10-2

10-12

10-8

10-4

100

104

108

1012

rc / m

T
/
K

10-14 10-12 10-10 10-8 10-6 10-4 10-2

100

102

104

106

108

rc / m

|u
|
/
m

s
-

1

T /K

10-15

10-10

10-5

100

105

1010

1015

1020
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Interferometry - KDTL

Probability density

p(x) =
∫+∞
−∞ dx

2

∫+∞
−∞ dx ′

2

D(x
2

−x ′
2

) t(x
2

)t∗(x ′
2

)e
−i mv

h̄
(x
2

−x ′
2

)(
x
1

L
1

+ x
L
2

)
e
i mv

h̄
L
1

+L
2

2L
1

L
2

(x2
2

−x ′2
2

)

Marko Toro²
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KDTL

L12

C
284

H
190

F
320

N
4

S
12

m ≈ 10000amu

Eibenberger, Sandra, et al.

"Matter�wave interferene of partiles

seleted from a moleular library with

masses exeeding 10000 amu." Physial

Chemistry Chemial Physis 15.35

(2013): 14696-14700.

Marko Toro²
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Marosopi loalization

graphene disk

∆x . 10

−5m, ∆t = 10

−2s
m ≈ 10

11

amu

Marko Toro²
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Parameter diagram

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
-18

10
-14

10
-10

10
-6

10
-2

rc / m

λ
/
s
-
1

Cureanu, Catalina, Beatrix C. Hiesmayr, and Kristian Pisihia. "X-rays Help to Unfuzzy the Conept

of Measurement." Journal of Advaned Physis 4.3 (2015): 263-266.

Toro², Marko, and Angelo Bassi. "Bounds on Collapse Models from Matter-Wave Interferometry." arXiv

preprint arXiv:1601.03672 (2016).

Carlesso, Matteo, et al. "Experimental bounds on ollapse models from gravitational wave detetors."

Physial Review D 94.12 (2016): 124036.
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X Foldy's relativisti QM formalism

X dynamis in (non) inertial referene frames

X dynamial maps

X Poinaré ovariane

X (non)-unitary modi�ations

ollapse models
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Example of non-unitary dynamis - Collapse models

state vetor |ψ t〉
complete description of the system

marosopi superpositions?

|ψ〉= 1√
2

(|ψ
1

〉+ |ψ
2

〉)

modi�ation of the dynamis?

reobtain preditions of QM for

mirosopi systems

well-loalized marosopi systems

Marko Toro²
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Example of non-unitary dynamis - Collapse mehanism

Shrödinger dynamis interrupted by ollapse events

|ψ t〉 →
L̂a|ψ t〉

||L̂a|ψ t〉||

L̂a ∝ e
− 1

2r2
C

(x̂−a)2

Continuous spontaneous loalization (CSL) model

noise �eld ht(x)

Marko Toro²
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Colored and dissipative CSL (dCSL) model

dynamics for |ψ t〉
stohasti (Born rule) and nonlinear (depends on |ψt〉)
CD map for ρ̂t = E

[

|ψt〉〈ψt |
]

heuristi idea

partial ollapse events generated by a noise �eld ht(x)

Ansatz

i
d

dt
|ψ t〉= Ĥ |ψ t〉+

(

∫

ht(x)L̂(x)dx + Ô(|ψ t〉)
)

|ψ t〉

Marko Toro²
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dCSL model I

dCSL

i
d

dt
|ψ t〉=

(

Ĥ+

∫

dx ht(x) L̂(x)

− i

∫ t

0

dτ
∫

dx Dτ ,s

(

L̂(x)+ L̂†(x)
) δ

δhτ(x)

)

|ψ t〉

|φ t〉= |ψ t〉/
∣

∣

∣

∣|ψ t〉
∣

∣

∣

∣, Q99KP

L̂(x) = i
∫

dQe iQ(x̂−x)
∫

dP
∫

dP ′â†(P ′)〈P ′|J(p̂,Q)|P〉â(P)
EQ[h

∗
τ (x1)hs(x2)] = δ (x

1

− x
2

)Dτ ,s

Marko Toro²



logo

Introdution

QM in referene frames

Dynamial maps

Summary

dCSL model II

generalization of existing models

Ghirardi, Gian Carlo, Philip Pearle, and Alberto Rimini. "Markov proesses in Hilbert

spae and ontinuous spontaneous loalization of systems of idential partiles." Physial

Review A 42.1 (1990): 78.

Adler, Stephen L., and Angelo Bassi. "Collapse models with non-white noises." Journal

of Physis A: Mathematial and Theoretial 40.50 (2007): 15083.

Smirne, Andrea, and Angelo Bassi. "Dissipative Continuous Spontaneous Loalization

(CSL) model." Sienti� reports 5 (2015).

solves the �ollapse models zoo� problem

simple relativisti model

Marko Toro²
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Summary

Foldy's relativisti QM

Dynamis in (non) inertial frames

Dynamial maps

Results

Foldy - Rindler CM dynamis

CD map (5 parameters)

dCSL model

Marko Toro²
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Results - Collapse models

M. Toro², A. Bassi: Bounds on Collapse Models from Matter-Wave Interferometry, 2016 (arXiv

preprint: 1601.03672)

M. Toro², A. Bassi: Bounds on Collapse Models from Matter-Wave Interferometry: Calulational

details, 2016 (arXiv preprint: 1601.02931 )

M. Toro², G. Gasbarri, A. Bassi: Colored and dissipative ontinuous spontaneous loalization

model, 2017 (in preparation)

G. Gasbarri, M. Toro², S. Donadi, A. Bassi: Gravity Indued Wave Funtion Collapse, 2017

(arXiv preprint: 1701.02236 )

G. Gasbarri, M. Toro², A. Bassi: General struture of Gaussian Spontaneous Wave Funtion

Collapse Models, 2017 (in preparation)
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Results - Dynamial maps
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