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Standard Big-Bang Cosmology

i) Universe’s expansion and Hubble’s law 

ii) Black-body spectrum CMB radiation 

iii) BBN and primordial elements

Gµ⌫ =
8⇡G

c4
Tµ⌫

Einstein equations
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Separate Universe assumption
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operators, hence on the Hilbert space, were implemented
in the bosonic Hilbert space by the adjoint action of the
displacement operator D(α), and amounted to a mere
shift of the ladders operators, as specified in (78). This
construction has been shown in Sec. II B to naturally
emerge while recovering the Schwinger representations
of the Lie group U(1) [42].
For a detailed analysis we address the reader to [12],

while for the purpose of this study it is enough no notice
that the same procedure can be applied to the fermionic
Hilbert space, but finding different results. Indeed tak-
ing the BCS states, which are Schwinger representations
of the SU(2) group, transformations induced by the dis-
placement operator D(ξ) turn out to be now Bogolubov
transformations:

ã = cos (|ξ|) a+
ξ

|ξ|
sin (|ξ|) b† , (95)

and

b̃† = cos (|ξ|) b† −
ξ̄

|ξ|
sin (|ξ|) b† . (96)

The importance of this transformation, and its relevant
physical consequences, will be clarified in [12]. For the
meantime, we notice that this is crucial to show invari-
ance of the microscopic condensate state under diffeo-
morphisms.

Appendix IV. Curvature perturbations

In this action we summarize how the theory of cosmo-
logical perturbations works within the standard set-up.
We retrace the very same footsteps that led to the def-
inition of the “curvature perturbation” variable ζ (see
e.g. Refs. [2, 43, 44]), in order to clarify the origin of the
prescription we proposed in Sec. III.
We start reminding that metric perturbations can be

cast in the ADM decomposition [45] of a generic line
element

ds2 = N2dt2 − γij(dx
i +N idt)(dxj +N jdt) , (97)

in which N denotes the lapse function and N i the shift
vector. A unit time-like vector nµ can be defined, which
is normal to the hypersurfaces of constant coordinate
time t and whose components read

nµ = (N, 0) , nµ = (−
1

N
,
N i

N
) . (98)

The extrinsic curvature tensor, which measures how
much the hyper-surface is curved in the way it sits in the
spacetime manifold, or in other words it measures the
failure of a vector tangent to the hyper-surface to remain
tangent after parallel transporting it with respect to the
Levi-Civita connection on the space-time manifold, reads

Kij = −∇(jni) = (99)

=
1

2N

(
−∂tγij + (3)∇(iNj) +

(3)∇(jNi)

)
,

in which (3)∇i refers to the covariant derivatives with re-
spect to the Levi-Civita connection on the spatial hyper-
surface. Extrinsic curvature can be decomposed in terms
of a symmetric traceless tensor Aij , namely Aijγij = 0,
plus the three-metric tensor itself times a scale quantity
θ, namely

Kij = −
θ

3
γij +Aij . (100)

The quantity θ appearing in (100) represents the volume
expansion rate of the spatial hypersurfaces along the in-
tegral curves γ(τ) (the proper time τ is obtained by the
definition dτ = Ndt) of nµ, and is given by θ = ∇µnµ.
The number of e-folds of the expansion is therefore ex-
pressed, in terms of its dependence on two fixed time-
coordinates of the initial and final hypersurfaces and on
the comoving space coordinates xi, as

N(t1, t2;xj) =
1

3

ˆ

γ(τ)
θdτ =

1

3

t2
ˆ

t1

θNdt . (101)

The spatial metric γij can be then decomposed, introduc-
ing a local scale factor a(t, xi), and a unimodular metric
γ̃ij , namely

γij = a(t, xi) γ̃ij . (102)

The unimodular metric γ̃ij can be finally expressed in
terms of a primordial perturbations tensor, which is a
traceless matrix hij such that

γij = (eh)ij . (103)

The local scale factor a(t, xi) can be also decomposed into
a global scale factor, which is independent on the position
on the space hypersurfaces, and a local deviation ψ(t, xi),
namely

a(t, xi) = a(t) eψ(t,xi) , (104)

in which such a deviation is assumed to be for our pur-
poses a local (“scalar”) perturbation. In other words,
a(t) is chosen in such a way that ψ(t, xi) vanishes some-
where in the Universe. The gradient expansion method
[46–48] can be applied in order to expand inhomo-
geneities into their spatial gradients, and formally mul-
tiply them by a fictitious parameter ϵ regulating the ex-
pansion. Following [44], we may identify the infinitesimal
expansion parameter with the ratio between the Hub-
ble radius and a comoving scales of physical size, thus
ϵ = k/(aH). Then, on super-horizon scales Aij = O(ϵ),
which allow us to disregard it with respect to quantities
referring to a homogenous and isotropic FLRW universe.
Since the local expansion recasts as

θ =
3

N

(
ȧ(t)

a(t)
+ ψ̇

)
≡ 3H̃ , (105)



Curvature perturbation variable 
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Problems of SBB Cosmology

i) Horizon problem 

ii) Flatness problem 

iii) Size/entropy problem

Inflation
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Inflation

i) Horizon problem 

ii) Flatness problem 

iii) Size/entropy problem

ȧ2

a2
⌘ H2 =
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3c4
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Universe empty, then ��

with a bonus!

Causal mechanism for generating primordial cosmological  [Chibisov & Mukhanov 1981]

perturbations originate as quantum vacuum fluctuations!

%K/%� = 1/a(t)2
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Cosmological perturbations/structure formations

Cosmological fluctuations links early Universe theories to observations 

Fluctuations of metric �! CMB anisotropies

Fluctuations of matter �! large�scale structure

Gµ⌫ =
8⇡G

c4
Tµ⌫

Matter and metric fluctuations coupled though the Einstein equations! 

Fluctuations are small today, and were small in the early Universe: linear perturbations
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Structure formation at work: heuristics 

a
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Inflation and scalar perturbations

Flat slicing 

⇢ ' V (�), 3H�̇ ' V 0

Slow-roll approximation 
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Chaotic Inflation 
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Anatomy of cosmological perturbations

Horizon � Hubble radius

Fluctuations mode have � � H�1
for a long period (squeezing)

Mechanism accounting for scale�invariant primordial spectrum

Criteria to bear in mind

Matter perturbation

Perturbations of matter fields are treated classically

Curvature perturbation is conserved when pressure is adiabatic

The classical analysis does not extend to fermion fields perturbations
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Fermion fields and linear perturbations

��! �( ̄ ) = � ̄  +  ̄ � 

 (t) = h↵| ̂|↵i = h↵|R†(')R(') ̂R†(')R(')|↵i|'=2⇡ = � (t)

A no-go argument:II

I Pressure perturbations (non adiabatic) and conservation of 
curvature perturbations 

⇣̇ = � H

⇢+ p
�pna
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Macroscopic quantum states of matter I

Matter perturbations are evaluated as the the first order expansion 
of the expectation values on perturbed macroscopic states   

II

I Classical background fields correspond to expectation values on  
macroscopic (condensed) states

�(x) := h↵|�̂|↵i

��(x) := h↵+ �↵|�̂|↵+ �↵i|O(�↵)
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Macroscopic quantum states of matter II

Off-diagonal long ranged order (ODLRO) and vanishing of 
correlations at large space-time distances 

II

III Density matrix and infrared mode of the macroscopic state 

14/30
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It is useful to relate the expectation values of operators
on a coherent state with vacuum expectation values of a
the transformed operator

h↵|� (x1) . . .� (xn) |↵i (8)

= h0|D† (↵)� (x1) . . .� (xn)D (↵) |0i (9)

= h0| (� (x1) + �↵ (x1)) . . . (� (xn) + �↵ (xn)) |0i ,
(10)

or more in general

h↵| O (� (x)) |↵i = h0| O (� (x) + �↵ (x)) |0i . (11)

Furthermore the expectation value of a normal ordered
operator on a coherent state is exactly its classical value

h↵| : O (� (x)) : |↵i = O (�↵ (x)) . (12)

The energy density of the system on such a state imme-

diately follows, once the dispersion relation Ek =
p
~k2 is

recovered from the classical equations of motion, namely

1

V

ˆ
V

h↵|H (x) |↵i =
ˆ

d3k

(2⇡)3
Ek |↵k|2 , (13)

in which the integral
´
V

is over a fiducial volume V that
is finally send to infinite.

B. Generalized coherent state and scalar fields

The coherent state construction we illustrated in the pre-
vious section can be readily generalized to the simplest
compact group SU(2) by utilizing the Schwinger rep-
resentation of its Lie algebra. Let’s consider first the
Hilbert space of two harmonic oscillators spanned by the
creation (annihilation) operators a†1, a

†
2 (a1, a2). On this

Hilbert space we can define the following operators

Ja ⌘ (⌧a)↵� a†↵a� , (14)

where ⌧a are the SU(2) generators, a = 1, 2, 3 and ↵,� =
1, 2. It is straightforward to verify that

⇥
Ja, Jb

⇤
=

⇥
⌧a, ⌧ b

⇤↵�
a†↵a� = i✏abcJc (15)

generates a SU(2) algebra. Following the construction
described in detail in Appendix II, it is immediate to
construct a SU(2) coherent states. Since a scalar field
contains infinitely many harmonic oscillators, it is su�-
cient to choose how to couple the oscillators (e.g. we can

fix a momentum ~p, then for each momentum ~k we can
pick the couple a~k and a~k+~p). For each couple of modes

we can finally define a SU(2) coherent state, and consider
the tensor product of all of them for our purposes.

Furthermore, the same very prescription is generaliz-
able to any SU(N) [23, 24]

C. O↵-diagonal long range order and zero mode

Let us now focus on the (Hadamard) one-particle den-
sity matrix evaluated on the coherent state |↵i, which
is expressed as the Fourier transform of the momentum
distribution Nk = ha†kaki by

⇢1�p(x� x0) =

ˆ
k,k0

e�ı(kx�k0x0)ha†kak0i

=

ˆ
k

e�ıEk(t�t0)eı
~k·(~x�~x0)ha†kaki .

We are dealing with a coherent state that is picked
around a certain macroscopic value k0, whose occupa-
tion number is a macroscopic number N0 = |↵k0 |2 such
that all the other |↵k| are small. This coherent state will
have a momentum distribution

Nk = N0�(k, k0) + n(k) , (16)

in which with n(k) we denote a smooth function of k.
The density matrix now reads

⇢1�p(t� t0; ~x� ~x0) =
N0

V
+

ˆ
k

e�ı~k·(~x�~x0) n(k) .

The constant contributions to ⇢1�p(t � t0; ~x � ~x0) repre-
sents a condensate, labelled by n0 ⌘ N0/V . There exist
coherent states endowed with a su�ciently smooth n(k)
such that in the limit of large ||x � x0|| (here the norm
must be intended as the distance in a Minkowski flat
space-time)

lim
||x�x0||!1

⇢1�p(t� t0; ~x� ~x0) = h�(x)�(x0)i0 ⌘ n0 .

This is a natural extension of the concept of o↵-diagonal
long ranged order (ODLRO) [25, 26]. For superfluid the
interpretation is rather straightforward, because of the
quantum coherence of the condensate, and has to do
with the quantum mechanical amplitude of a process in
which a particle is annihilated at ~x, where it gets ab-
sorbed into the condensate, and another one is created
at ~x0, where it exits the condensate. Nonetheless, ex-
actly as for a superfluid one expects that at large space
distances quantum correlations must be suppressed, we
expect for the relativistic system under scrutiny that in
the limit ||x � x0|| ! 1 the expectation value of the
product of fields as space-time points far a part behave
like the expectation value of the product of the fields:

lim
||x�x0||!1

⇢1�p(x� x0) ' h�(x)i0 h�(x0)i0 ⌘ n0 .

The order parameter, playing the role of a macroscopic
wave-function in condensed matter systems, is exactly
the classical expectation value of the real scalar field

h�(x)i0 = �↵(x) .
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sorbed into the condensate, and another one is created
at ~x0, where it exits the condensate. Nonetheless, ex-
actly as for a superfluid one expects that at large space
distances quantum correlations must be suppressed, we
expect for the relativistic system under scrutiny that in
the limit ||x � x0|| ! 1 the expectation value of the
product of fields as space-time points far a part behave
like the expectation value of the product of the fields:

lim
||x�x0||!1

⇢1�p(x� x0) ' h�(x)i0 h�(x0)i0 ⌘ n0 .

The order parameter, playing the role of a macroscopic
wave-function in condensed matter systems, is exactly
the classical expectation value of the real scalar field

h�(x)i0 = �↵(x) .
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Bosonic statistics and coherent states 
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†
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Y
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†
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Bosonic Hilbert space and infinite occupation numbers
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Displacement operator 

h↵| O (� (x)) |↵i = h0| O (� (x) + �↵ (x)) |0i
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Matter perturbations at linear order

Expanding perturbations in the conservation equation

�Gµ⌫ =
8⇡G

c4
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���
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���
O(�↵)

Example: Chaotic Inflation
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1

2
m
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2
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Power spectrum of scalar perturbations

�b⌅ = b11 (t, xi) +
b⇢

3h↵|b⇢+ bp |↵i

h↵| b̈�+ 3H ˙̂
�+ \V 0(�)|↵i = 0 �! 3H�↵ ' �V (�↵)

Slow-roll condition

Power spectrum

P⇣ = lim
x!y

h↵+ �↵| b⌅(x) b⌅(y) |↵+ �↵i
���
O(�↵2)
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Fermion fields & macroscopic coherent states I

a†k ! c†k = a†k"b
†
�k#

Pauli exclusion principle and quasi particles

|↵i ⌘ e
R
d3k↵(k)c†k�↵⇤(k)ck |0i = D (↵) |0i

|n̂i = D(n̂) |j,�ji = |⇠i = exp

�
⇠J+ � ¯⇠J�� |j,�ji

BCS states as macroscopic coherent states 

BCS states are SU(2) coherent states 

J1 =
1

2

�
a†b† + h.c.

�
, J2 = � i

2

�
a†b† � h.c.

�
, J3 =

1

2

�
a†a+ b†b� 1

�
, [Ji, Jj ] = i✏ k

ij Jk
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Fermion fields & macroscopic coherent states II

hn̂|  ̄  |n̂i =
Z

k

~⇣k · hn̂| ~Jk |n̂i =
Z

k

~⇣k · n̂k

Linear perturbations and SU(2) rotations 

|n̂+ �n̂i ⌘ D (�n̂) |n̂i = |R (ẑ, �n̂) n̂i

hn̂+ �n̂| ~J |n̂+ �n̂i ⇡ n̂+ �n̂⇥ n̂ = n̂� n̂⇥ h�n̂| ~J |�n̂i

19/30

Dona & Marciano, arXiv:1605.09337

FIAS, May 31st 2016



Macroscopic state & space-time diffeomorphisms

The coherent states structure is preserved 
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11

(they are different bases of operators that generate the
same Hilbert space):

ˆ̃ak =

ˆ

k′

(
A(k, k′)âk′ +B(k, k′)â†k′

)
, (72)

where As and Bs are complex coefficients that can be de-
termined in terms of the Fourier transform of e−iky(x) us-
ing the normalization condition |A(k, k′)|2− |B(k, k′)|2 =
δk,k′ (the latter property is obtained requiring that ˆ̃ak
and ˆ̃a†k satisfies canonical commutation relation). Then
a general coherent state can be written in terms of both
the bases

|α⟩ = D (α) |0⟩ = e
´

d3kα(k)ã†
k−α

∗(k)ãk |0⟩ (73)

= e
´

d3k γ(k)a†
k−γ

∗(k)ak |0⟩ (74)

where γ(k) =
´

k′ [B∗(k, k′)α(k′)−A(k, k′)α∗(k′)]. We
can then conclude that under a general coordinate trans-
formation a coherent state is mapped into another coher-
ent state with a label that is the Bogolubov transform of
the old label.

VII. CONCLUSIONS

We have shown that semi-classicality in cosmological
frameworks allow to tackle issues and severe restrictions
that otherwise might arise in the theory of cosmologi-
cal perturbations. Among many phenomenological con-
sequences that we expect our analysis can offer, we fo-
cused in particular on the possibility of studying cosmo-
logical perturbations induced by fermionic fields at the
linear order. We actually showed that following our pro-
cedure, cosmological perturbations that might arise due
to fermionic fields can not be claimed to be vanishing a
priori.
Phenomenological consequences of the existence of

such a macroscopic condensate state of matter follow,
including the possibility of generating cross-correlation
spectra directly from fermion perturbations. Several
studies are in preparation to show the instantiation
of this proposal within both the inflation and matter-
bounce scenarios [37], adapting to this procedure previ-
ous preliminary investigations on the phenomenological
applications of the Dirac theory in cosmology [38–41].
Fermion matter fields are ubiquitous in our current un-

derstanding of physics, both in the branches of particle
physics and condensed matter. Especially in the field
of condensed matter, the semiclassical limit of fermion
matter fields has reached amazing theoretical and exper-
imental results, and has faced what in the field of particle
physics there was no need to address: the semiclassical
limit.
We acknowledge that our main inspiration, as re-

searchers trained in the field of high energy physics, actu-
ally came from constructions developed in a different field
as ours. We now believe that this cross-fertilization will

be at the origin of novel conquests not only in theoretical
physics, but in its very phenomenological related appli-
cations. Forthcoming studies [12] will make clear what
we expect to derive by following this line of thought.

Appendices

Appendix I. Harmonic oscillator coherent state

We review below basic facts concerning coherent states
for the harmonic oscillator, which is at the base of the def-
inition of coherent states for quantum systems enjoying
Bose-Einstein statistics. An harmonic oscillator coherent
state |α⟩ is defined as the eigenstate of the annihilation
operator a, with eigenvalues α ∈ C:

a |α⟩ = α |α⟩ . (75)

Since a is a non-hermitian operator the eigenvalue α is
a complex number. Coherent states are characterized by
the properties:

• the vacuum is a coherent state with α = 0;

• the mean energy is ⟨α|H |α⟩ = !ω ⟨α| a†a+ 1
2 |α⟩ =

!ω
(
|α|2 + 1

2

)
;

• the displacement operator can be defined,

D (α) = eαa
†−α∗a , (76)

where α ∈ C and a, a† are the annihilation and
creation operators. It is unitary D†D = 1 and gen-
erates the coherent state |α⟩ from the vacuum |0⟩,

|α⟩ = D (α) |0⟩ ; (77)

• the action of the displacement operator on the cre-
ation or annihilation operator displace them

D (α)† aD (α) = a+ α , (78)

D (α)† a†D (α) = a† + α∗ ;

• the coherent state can be expanded on the Fock
basis

|α⟩ = e−
|α|2

2

∞∑

n=0

αn

√
n!

|n⟩ = e−
|α|2

2

∞∑

n=0

(
αa†

)n

n!
|0⟩ ; (79)

• the scalar product of two coherent states reads

⟨β|α⟩ = e−
|α|2

2 e−
|β|2

2 eαβ
∗
and |⟨β|α⟩|2 = e−|α−β|2 ;

• although the coherent states are not orthogonal,
they form an over-complete set of states

1

π

ˆ

d2α |α⟩ ⟨α| = 1 . (80)

when Bogolubov transformations for the two set of coordinates are implemented 
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Below we propose a simple way to overcome all these
unnecessary complications, and to avoid the inconsisten-
cies related to the approach criticized above. The choice
is actually natural: we just need to extend the treat-
ment already outlined in Sec. III, which was tailored for
a theory of fields subjected to bosonic quantization, in
order to account as well for fermion fields perturbations.
The way to achieve this result is also straightforward.
Micro-causality and covariance under space-time trans-
formations force us to write the main physical equations
as function of observable bilinears Oℵ, or eventually their
(regularized) products.
Thus, following the same line of thought reported in

the previous sections, the perturbed Einstein read

δGµν =
8πG

c4
⟨α+ δα| ̂Tµν(Oℵ)|α+ δα⟩

∣∣∣
O(δα)

, (63)

in which now |α⟩ and |α+δα⟩ are the BCS-like states de-
fined in (47), in the fermionic Fock space. Perturbations
analysis then follows the same steps as in (35) and (36),
provided that we recognize that

ρ = ρ(Oℵ) , p = p(Oℵ) , (64)

and that perturbations of the fermion bilinears Oℵ are
achieved as in (55)-(57) and (60).

VI. COHERENT STATES AND GAUGE
TRANSFORMATIONS

Before spelling out the conclusions, it is necessary to de-
rive the transformation rules for the coherent states |α⟩
introduced so far. At this purposes, we first derive the
transformation properties of the ladder operators. For
the sake of clarity, we start the analysis with a straight-
forward case: space-time translations acting on a scalar
field on Minkowski space-time.
A real scalar field φ̂(x) on flat space-time is expanded

as in (2). Invariance under space-time translations x →
x′ = x+ δ implies

φ̂′(x′) = e−iP̂µδ
µ

φ̂ (x) eiP̂µδ
µ

= φ̂(x + δ) (65)

=

ˆ

k

(
e−ikδ âke

−ikx + e+ikδ â†ke
+ikx

)
,

in which we have introduced the generators P̂µ of
the abelian algebra T4 of space-time translations on
Minkowski space-time, and which corresponds to a trans-
formation on the ladder operators

âk → e+ikδ âk , â†k → e+ikδ â†k . (66)

Since this property holds at the operatorial level, it must
hold also as a weak property, on the expectation val-
ues ⟨φ⟩α. This implies that |α⟩ must be invariant under
space-time translations, if we are working in the Heisen-
berg picture in which the ladder operators must fulfill

(66) in order φ̂ to be invariant under space-time transla-
tions. Thanks to the invariance of the integration mea-
sure on the Fourier modes [35], a similar argument applies
also to Lorentz transformations, provided that for those
latter x → x′ = Λx, and

âk → âΛ−1k , â†k → â†Λ−1k
. (67)

While it is convenient to implement the same strat-
egy when accounting for diffeomorphisms, we must any-
way resort to a different analysis of the transformations,
focusing on the Fourier parameters space in order to
avoid referring to finite space-time transformations. As
renown, this can not be implemented using the ordinary
tools of Lie groups, as it happens instead for the case of
Poincaré transformations.
For simplicity, let us still consider to be on flat

Minkowski space-time. We may think at space-time dif-
feomorphisms to be generated by infinitesimal vectors
ξµ(x) through

xµ → x′µ = xµ + ξµ(x) , (68)

to be formally implemented by the action of an element
ηµ(P̂ ) ∈ U(T4), belonging to the enveloping algebra of
T4, and of infinitesimal order. The vector ηµ acts on the
Fourier basis as

ηµ(P̂ )e−ikx = ηµ(k)e−ikx , (69)

and by definition generates space-time diffeomorphisms,
by acting on the Fourier space as

kµ → k′µ = kµ + ηµ(k) . (70)

Relation (70) will finally induce a transformation on the
ladder operators

âk → âη(k) , â†k → â†η(k) , (71)

which is required in order to ensure the invariance of
φ̂(x) under diffeomorphisms.

We can now go back to our initial question: how does
a coherent state transform under a generic change of co-
ordinate x → y (x)? Clearly we can Fourier expand the
field in terms of plane wave in the new coordinates y(x),
namely

φ̂(y) = φ̂ (y(x)) =

ˆ

k

(
âke

−iky(x) + â†ke
+iky(x)

)
,

but also in terms of plane waves of the old coordinates
x, using different ladder operators, i.e.

φ̂ (y(x)) = φ̂ ◦ y (x) =

ˆ

k

(
ˆ̃ake

−ikx + ˆ̃a†ke
+ikx

)
.

It is possible to show that the new ladder operators can
be written as a linear combination of the old one [36]
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respectively bosonic and fermionic, which are coherent
in that they minimize the uncertainty relations between
conjugated variables. In this study macroscopic states
were merely addressed at the kinematical level. Nonethe-
less, in a forthcoming work [12] we will show which effects
arise from considering the dynamics, focusing on the phe-
nomenological consequences and restrictions induced by
the latter.
We notice that such an interpretation is implicit is sev-

eral investigations recently deepened in the literature of
inflation [13, 14] and dark energy [15–18]. The unques-
tionable novelty of this analysis stands anyway in link-
ing the semiclassical limit of the quantum theory, and
the macroscopic state of matter, to the development of
a new setting for addressing the cosmological perturba-
tions. The latter are then the by-product of the assump-
tion of semi-classicality, and arise from the perturbations
of the distributions in the momentum space that enter
the macroscopic states.
The plan of the paper is the following. In Sec. II we in-

troduce macroscopic states of matter for bosonic matter
fields, we specify their generalization and discuss their
physical meaning. In Sec. III we switch to the discus-
sion of cosmological perturbations in the bosonic sector:
we introduce a general framework to derive cosmologi-
cal perturbations from the perturbation of the number
density in the macroscopic coherent states of matter; we
construct a quantum operator whose expectation value
in the coherent perturbed states corresponds to the cur-
vature perturbation variable; we finally outline how to
derive standard results. In Sec. IV we introduce macro-
scopic coherent states for fermionic matter, and specify
the difference of our procedure with respect to bosoniza-
tion. We then focus on the well known BCS states, and
their SU(2) coherent states equivalents. In Sec. V we
develop, on the same foot of Sec. III, a theory of cos-
mological perturbations that account for linear contri-
butions from the fermionic sector. In Sec. VI we show
how number densities of macroscopic states transform
under diffeomorphisms, and prove that coherent states
are mapped into coherent states. In Sec. VII we spell
conclusions and remarks. Detailed appendices follow on
coherent states in the bosonic and fermionic sectors, on
the relation between Bogolubov transformations and the
adjoint action of the displacement operators, on the cos-
mological perturbations, and on the phenomenological
observable which are sensitive to our analysis.

II. MACROSCOPIC STATES OF MATTER:
SCALAR FIELDS

Quantum mechanics (QM) is the fundamental framework
we rely on to understand Nature [19–21]. No disproval of
this very fundamental framework have been recovered so
far, and experimental data do actually confirm us in our
every day life that quantum mechanics must not be ques-
tioned yet. We then start taking into account the states

whose fluctuations of the number operator are negligible
for a large number of quanta within the system that is
considered. These are the coherent states [21], and rep-
resent a macroscopic wave-function that takes a special
role in recovering the semiclassical limit [22] of quantum
mechanical operators in quantum field theory (QFT).

A. Coherent state for scalar fields

For the purpose of simplicity in what follows we will treat
the case of a free real scalar field on flat (Minkowski)
background, whose density Lagrangian and Hamiltonian
in natural units read respectively

L(x) = ∂µφ(x)∂
µφ(x) , (1)

H(x) = π2(x) +∇φ(x) ·∇φ(x) ,

having introduced the conjugated momentum π(x) =
φ̇(x) to φ(x), in which the dot denotes derivative with
respect to time. The field φ(x) (and similarly its conju-
gated momentum) is decomposed in the Fock basis of the
harmonic linear oscillators, as a superposition of creation
and annihilation operators for each mode:

φ (x) =

ˆ

k

(
ake

−ikx + a†ke
+ikx

)
, (2)

where the integration over the momentum space has to
be understood with the appropriate measure. We then
naturally extend the definitions of the quantum mechan-
ical harmonic oscillator coherent state (see the Appendix
I for more details), and consider the bosonic coherent
state, labelled by the function α(k) : R3 → C,

|α⟩ ≡
∏

k

|α (k)⟩ =
∏

k

eα(k)a
†
k−α

∗(k)ak |0⟩ (3)

= e
´

d3kα(k)a†
k−α

∗(k)ak |0⟩ = D (α) |0⟩ .

The displacement operator D (α) = exp(αa† − α∗a) in-
herits all the property of the harmonic oscillator coun-
terparts (see e.g. Appendix I), in particular it is unitary
and its action on a creation operator is

D (α)† akD (α) = ak + α(k) , (4)

D (α)† a†kD (α) = a†k + α∗(k) . (5)

One trivially obtains that the classical real scalar field in
terms of the function α is expressed as

φα (x) ≡ ⟨α|φ (x) |α⟩

=

ˆ

k

(
αke

−ikx + α∗
ke

+ikx
)
. (6)

Then the action of the displacement operator on the
scalar field itself can be expressed in terms of the “clas-
sical” field φα.

D (α)† φ (x)D (α) = φ (x) + φα (x) . (7)
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background, whose density Lagrangian and Hamiltonian
in natural units read respectively

L(x) = ∂µφ(x)∂
µφ(x) , (1)

H(x) = π2(x) +∇φ(x) ·∇φ(x) ,

having introduced the conjugated momentum π(x) =
φ̇(x) to φ(x), in which the dot denotes derivative with
respect to time. The field φ(x) (and similarly its conju-
gated momentum) is decomposed in the Fock basis of the
harmonic linear oscillators, as a superposition of creation
and annihilation operators for each mode:

φ (x) =

ˆ

k

(
ake

−ikx + a†ke
+ikx

)
, (2)

where the integration over the momentum space has to
be understood with the appropriate measure. We then
naturally extend the definitions of the quantum mechan-
ical harmonic oscillator coherent state (see the Appendix
I for more details), and consider the bosonic coherent
state, labelled by the function α(k) : R3 → C,

|α⟩ ≡
∏

k

|α (k)⟩ =
∏

k

eα(k)a
†
k−α

∗(k)ak |0⟩ (3)

= e
´

d3kα(k)a†
k−α

∗(k)ak |0⟩ = D (α) |0⟩ .

The displacement operator D (α) = exp(αa† − α∗a) in-
herits all the property of the harmonic oscillator coun-
terparts (see e.g. Appendix I), in particular it is unitary
and its action on a creation operator is

D (α)† akD (α) = ak + α(k) , (4)

D (α)† a†kD (α) = a†k + α∗(k) . (5)

One trivially obtains that the classical real scalar field in
terms of the function α is expressed as

φα (x) ≡ ⟨α|φ (x) |α⟩

=

ˆ

k

(
αke

−ikx + α∗
ke

+ikx
)
. (6)

Then the action of the displacement operator on the
scalar field itself can be expressed in terms of the “clas-
sical” field φα.

D (α)† φ (x)D (α) = φ (x) + φα (x) . (7)

U(1) bosonic case

 SU(2) fermionic case
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operators, hence on the Hilbert space, were implemented
in the bosonic Hilbert space by the adjoint action of the
displacement operator D(α), and amounted to a mere
shift of the ladders operators, as specified in (78). This
construction has been shown in Sec. II B to naturally
emerge while recovering the Schwinger representations
of the Lie group U(1) [42].
For a detailed analysis we address the reader to [12],

while for the purpose of this study it is enough no notice
that the same procedure can be applied to the fermionic
Hilbert space, but finding different results. Indeed tak-
ing the BCS states, which are Schwinger representations
of the SU(2) group, transformations induced by the dis-
placement operator D(ξ) turn out to be now Bogolubov
transformations:

ã = cos (|ξ|) a+
ξ

|ξ|
sin (|ξ|) b† , (95)

and

b̃† = cos (|ξ|) b† −
ξ̄

|ξ|
sin (|ξ|) b† . (96)

The importance of this transformation, and its relevant
physical consequences, will be clarified in [12]. For the
meantime, we notice that this is crucial to show invari-
ance of the microscopic condensate state under diffeo-
morphisms.

Appendix IV. Curvature perturbations

In this action we summarize how the theory of cosmo-
logical perturbations works within the standard set-up.
We retrace the very same footsteps that led to the def-
inition of the “curvature perturbation” variable ζ (see
e.g. Refs. [2, 43, 44]), in order to clarify the origin of the
prescription we proposed in Sec. III.
We start reminding that metric perturbations can be

cast in the ADM decomposition [45] of a generic line
element

ds2 = N2dt2 − γij(dx
i +N idt)(dxj +N jdt) , (97)

in which N denotes the lapse function and N i the shift
vector. A unit time-like vector nµ can be defined, which
is normal to the hypersurfaces of constant coordinate
time t and whose components read

nµ = (N, 0) , nµ = (−
1

N
,
N i

N
) . (98)

The extrinsic curvature tensor, which measures how
much the hyper-surface is curved in the way it sits in the
spacetime manifold, or in other words it measures the
failure of a vector tangent to the hyper-surface to remain
tangent after parallel transporting it with respect to the
Levi-Civita connection on the space-time manifold, reads

Kij = −∇(jni) = (99)

=
1

2N

(
−∂tγij + (3)∇(iNj) +

(3)∇(jNi)

)
,

in which (3)∇i refers to the covariant derivatives with re-
spect to the Levi-Civita connection on the spatial hyper-
surface. Extrinsic curvature can be decomposed in terms
of a symmetric traceless tensor Aij , namely Aijγij = 0,
plus the three-metric tensor itself times a scale quantity
θ, namely

Kij = −
θ

3
γij +Aij . (100)

The quantity θ appearing in (100) represents the volume
expansion rate of the spatial hypersurfaces along the in-
tegral curves γ(τ) (the proper time τ is obtained by the
definition dτ = Ndt) of nµ, and is given by θ = ∇µnµ.
The number of e-folds of the expansion is therefore ex-
pressed, in terms of its dependence on two fixed time-
coordinates of the initial and final hypersurfaces and on
the comoving space coordinates xi, as

N(t1, t2;xj) =
1

3

ˆ

γ(τ)
θdτ =

1

3

t2
ˆ

t1

θNdt . (101)

The spatial metric γij can be then decomposed, introduc-
ing a local scale factor a(t, xi), and a unimodular metric
γ̃ij , namely

γij = a(t, xi) γ̃ij . (102)

The unimodular metric γ̃ij can be finally expressed in
terms of a primordial perturbations tensor, which is a
traceless matrix hij such that

γij = (eh)ij . (103)

The local scale factor a(t, xi) can be also decomposed into
a global scale factor, which is independent on the position
on the space hypersurfaces, and a local deviation ψ(t, xi),
namely

a(t, xi) = a(t) eψ(t,xi) , (104)

in which such a deviation is assumed to be for our pur-
poses a local (“scalar”) perturbation. In other words,
a(t) is chosen in such a way that ψ(t, xi) vanishes some-
where in the Universe. The gradient expansion method
[46–48] can be applied in order to expand inhomo-
geneities into their spatial gradients, and formally mul-
tiply them by a fictitious parameter ϵ regulating the ex-
pansion. Following [44], we may identify the infinitesimal
expansion parameter with the ratio between the Hub-
ble radius and a comoving scales of physical size, thus
ϵ = k/(aH). Then, on super-horizon scales Aij = O(ϵ),
which allow us to disregard it with respect to quantities
referring to a homogenous and isotropic FLRW universe.
Since the local expansion recasts as

θ =
3

N

(
ȧ(t)

a(t)
+ ψ̇

)
≡ 3H̃ , (105)
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The macroscopic state obtained is the Bogolubov transform of the vacuum 
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Torsionful connection and fermion fields
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Theory with torsion!
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One fermion species: integrating out torsion 

Theory with torsion
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 Fermionic Matter-Bounce
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FIG. 1. Top left panel: scale factor a(t) for the non-minimal coupling collapse (solid line) and the standard scenario (dashed
line). Top right panel: sign of ⇠ on the plane (�,↵). Bottom left panel: ⇢e↵ + pe↵ (solid line) and energy density ⇢ for the
classical dust case (dashed line). Bottom right panel: evolution of the apparent horizon rah(t) for the non-minimal coupling
collapse (solid line) and the standard scenario (dashed line). In both the left and the right panels,  = m = n0 = ⇠ = 1. See
the text for more details.

At the bounce

Fermioinc matter may violate the null energy conditions!
Armendariz-Picon, Alexander, Biswas, Brandenberger, Magueijo, Kibble,  Poplawski... 

BCS condensation or torsion may provide four fermion contribution to the energy density 
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Are Einstein equations rusting?
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Parameter space of the theory
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Superconductive Inflation

An initial macroscopic state of inflation as a superposition of the BD vacuum and BCS 
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Energy density on the macroscopic matter states of the Universe

The evolution of the initial state define the period for Inflation 
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Gravitational perturbations I 

Perturbed Einstein equations 
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IX. PERTURBATED EINSTEIN EQUATION AND GAUGE ISSUES

The perturbation of Einstein Equation is

�Gµ
⌫ = 8⇡G�Tµ

⌫ , (40)

Then the perturbation of Einstein Equation is
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As we have taken the Newtonian gauge, we can promote all the perturbated variables to be gauge-invariant ones

by doing following replacements
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I. NOTATION

In this note, the notation of gravity potential  and � are used opposite accidently. The background and pertur-

bation values are written as

gµ⌫ = ḡµ⌫ + �gµ⌫ , gµ⌫ = ḡµ⌫ + �gµ⌫ , (1)

�

↵
µ⌫ =

¯

�

↵
µ⌫ + ��↵µ⌫ , Rµ⌫ =

¯Rµ⌫ + �Rµ⌫ ,

Gµ⌫ =

¯Gµ⌫ + �Gµ⌫ , Tµ⌫ =

¯Tµ⌫ + �Tµ⌫ ,

�µ =

¯

�µ + ��µ, �

µ
=

¯

�

µ
+ ��µ,

eµa = ēµa + �eµa ,

 =  0 + � , ¯ =

¯ 0 + � ¯ ,

II. METRIC, GEOMETRIC VARIABLES, AND DIRAC MATRIX

We take the Newtonian longitudinal gauge:

ds2 = (1 + 2 )dt2 � a2(1� 2�)�ijdx
idxj , (2)

The background metric are

ḡµ⌫ =

"
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#
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#
,

The metric perturbation is
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"
2 
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#
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� 1
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#
,

The background a�ne connections and Einstein’s tensor are

¯

�

0
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i
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The perturbation of a�ne connections are
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The background and perturbation of Dirac matrix and vierbein are

¯

�

0
= �0, ¯

�

i
=

1
a�

i, (5)

��0 = � �0, ��i = �
a �

i,

¯

�0 = �0, ¯

�i = �a�i,

��0 =  �0, ��i = a��i,
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Gravitational perturbations II 
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Perturbed energy-momentum tensor from fermion action

ISW effect can be recosntructed 

Anisotropic dof are present Cross correlation functions 
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Conclusions

i) Proposal for matter cosmological perturbations  

ii) Fermion fields can contribute to linear cosmological 
perturbations   

iii) Spinorial perturbations entail non-isotropic d.o.f. not 
present in scalar field perturbations  

 iv) Richer phenomenology available
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