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How	  to	  calculate	  the	  
proper;es	  of	  the	  final	  

black	  hole?	  
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Ini$al	  data	  

•  Mass	  ra;o	  q	  =	  M2	  /M1	  	  	  
	  or	  symmetric	  mass	  ra;o	  
	  v	  =	  q/(1+q)2	  

	  
•  Ini;al	  spin	  a1	  and	  a2	  

	  with	  	  
	  	  	  

Seven	  dimensional	  parameter	  space	  	  

a fin = a fin (a1,a2,v)
Aim:	  

Derive	  a	  phenomenological	  formula	  such	  as	  	  

ai = Ji /Mi
2
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AEI	  Formula	  	  

Deriving	  a	  formula	  for	  black	  hole	  binaries	  with	  aligned	  and	  equal	  
spins	   (𝑎↓1 = 𝑎↓2 =𝑎)	  using	  polynomial	  expansion:	  

afin = s0 + s1a+ s2a
2 + s3a

3 + s4a
2v+ s5av

2 + t0av+ t1v+ t2v
2 + t3v

3
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SeQng	  coefficient	  constraints	  to	  simplify	  	  	  
	  
•  𝑎↓𝑓𝑖𝑛 (𝑎,𝑣=0)=𝑎 	   	   	   	   	   	   	  à 	  	  

•  Taylor	  expansion	  at	   𝑎↓𝑓𝑖𝑛 (𝑎,𝑣≪1) 	  	   	   	  à 	  	  

•  accurate	  simula;on	  for	  𝑎=0,𝑣=0.25   	  	  
	   	   	   	   	   	   	   	   	   	   	   	   	  à	  	  

s0 = s2 = s3 = 0, s1 =1

t1 =
∂afin
∂v (a=0, v=0)

= 2 3

t2 =16 ⋅ (0, 68646−
t3
64

−
3
2
)± 0,00064

afin =
3
2
+
t2
16

+
t3
64

= 0.68646± 0.00004
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Expansion	  for	  unequal	  spins	  	  
a→ !a ≡ (a1 + a2q

2 ) / (1+ q2 )

afin = !a+ !av(s4 !a+ s5v+ t0 )+ v(2 3 + t2v+ t3v
2 )

AEI	  formula	  for	  aligned	  binaries	  

s4	  =	  −0.1229,	  s5	  =	  0.4537,	  
t0	  =	  −2.8904,	  t3	  =	  2.5763	  	  	  	  

	  
The	  four	  unconstraint	  coefficients	  were	  fi\ed	  to	  72	  numerical	  simula;ons	  from	  papers	  	  

published	  up	  to	  2009.	  	  
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Modelling	  generic	  binaries	  	  

5	  assump;ons	  for	  expanding	  the	  AEI	  formula	  for	  generic	  binaries	  	  
	  
I.  	  	  Mfin	  =	  M1	  +	  M2	  

II.  	  	  

III.  	  	  

IV. 	  	  

V.  	  	  

∂r S1 = ∂r S2 = ∂r l = 0

Sfin J(rIn )

∂r Ŝ ⋅ L̂( ) = ∂r Ŝ1 ⋅ Ŝ2( ) = 0
afin (a1 = −a2,v) = afin (a1 = a2 = 0,v)

Star;ng	  point:	  	   Sfin = S1 + S2 + !l

Adiaba;c	  approxima;on	  
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a fin =
1

(1+ q)2
( a1

2
+ a2

2 q4 + 2 a1 a2 q
2 cosα + 2( a1 cos !β(rIn )+ a2 q

2 cos !γ (rIn )) l q+ l
2 q2 )

Sfin = S1 + S2 + !l

one	  can	  derive	  the	  norm	  of	  the	  final	  spin	  

Using	  the	  assump;ons	  and	  

Calculated	  at	  the	  ini;al	  separa;on,	  	  

cos β = â1 ⋅ L̂ cos γ = â2 ⋅ L̂and	  	  

Remaining	  quan;ty	  

Note	  that	  this	  expression	  of	  the	  norm	  is	  independent	  of	  the	  radius.	  

1/2	  
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Matching	  with	  the	  AEI	  formula	  for	  aligned	  spins	  leads	  to	  	  

l = 2 3 + t2v+ t3v
2 +

s4
(1+ q2 )2

( a1
2
+ a2

2 q4 + 2 a1 a2 q
2 cosα))

+(s5v+ t0 + 2
1+ q2

)( a1 cos !β(rIn )+ a2 q
2 cos !γ (rIn ))

The	  direc;on	  of	  the	  final	  spin	  is	  given	  by	  	  
	  
	  

Sfin J(rIn )

This	  formula	  was	  successfully	  proven	  and	  compared	  with	  the	  data	  published	  up	  to	  2009.	  
Problem:	  	  	  

	   	   	   	  Size	  and	  accuracy	  of	  the	  fiQng	  data	  set	  
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Improvement	  of	  the	  AEI	  formula	  	  

•  Gathering	  of	  272	  new	  BBH	  simula;ons	  with	  spin	  aligned	  	  (in	  addi;on	  to	  the	  72	  “old”	  simula;ons)	  à	  fi=ng	  data	  	  

•  Gathering	  of	  440	  new	  generic	  BBH	  (in	  addi;on	  to	  the	  86	  “old”	  simula;ons)	  à	  valida$on	  data	  

•  Introduc;on	  of	  the	  fourth	  order	  term	  in	  the	  ini;al	  polynomial	  expansion	  for	  equal,	  aligned	  spins	  	  

	  	  
	  and	  deriva;on	  of	  the	  generic	  expression	  from	  there	  

	  
•  Sampling	  the	  fiQng	  data	  set	  
	  	  

afin = s0 + s1a+ s2a
2 + s3a

3 + s6a
4 + s4a

2v+ s5av
2 + s7a

3v+ s8a
2v2 + s9av

3 +

+t0av+ t1v+ t2v
2 + t3v

3 + t4v
4
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FiQng	  the	  formula	  without	  addi;onal	  terms	  (only	  AEI	  terms)	   	  à	  GU	  formula	  
	  
	  
	  
	  
FiQng	  the	  formula	  with	  addi;onal	  terms	   	   	   	   	   	  à	  GU*	  formula 	   	  	  

From	  the	  fiQng	  data	  set	  with	  aligned	  spin,	  sample	  such	  that	  only	  recent	  simula;ons	  (since	  2010)	  
are	  included	  and	  simula;ons	  with	  too	  large	  residual	  are	  not	  considered,	  thus	  	  	  	  

afin = !a+ !av(s4 !a+ s5v+ t0 )+ v(2 3 + t2v+ t3v
2 )

afin = !a+ !av(s4 !a+ s5v+ s7 !a
2 + s8 !av+ s9v

2 + t0 )+ 2 3v+ t2v
2 + t3v

3 + t4v
4

εi ≤ 0.01

Data	  Fit	  
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Sample fit: GU GU* 
s4 -0.128 -0.208 
s5 -0.347 
s7 -0.0415 
s8 0.344 
s9 -0.511 
t0 -2.713 -2.742 
t3 4.014 9.887 
t4 -14.352 

Addi;onal	  terms	  reduce	  	  
standard	  devia;on 	  by	  15%	  
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Distribu;on	  of	  the	  sampled	  data	  set?	  
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Matching	  addi$onal	  terms	  for	  generic	  expression	  

afin = !a+ !av(s4 !a+ s5v+ s7 !a
2 + s8 !av+ s9v

2 + t0 )+ 2 3v+ t2v
2 + t3v

3 + t4v
4

a fin =
1

(1+ q)2
( a1

2
+ a2

2 q4 + 2 a1 a2 q
2 cosα + 2( a1 cos !β(rIn )+ a2 q

2 cos !γ (rIn )) l q+ l
2 q2 )

1/2	  

l = 2 3 + t2v+ t3v
2 + t4v

3

+
s4 + s8v
(1+ q2 )2

+
s7( a1 cos !β + a2 q

2 cos !γ )
(1+ q2 )3

!

"
##

$

%
&&( a1

2
+ a2

2 q4 + 2 a1 a2 q
2 )

+
s9v

2 + t0 + 2
1+ q2

( a1 cos !β + a2 q
2 cos !γ ).
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ã	  

Note	  that	  	  𝒂 = 𝑳 ∙( 𝒂↓1 + 𝒂↓2 𝑞↑2 )/(1+ 𝑞↑2 )	  	  

Does	  the	  GU*	  formula	  really	  improve	  the	  AEI	  formula?	  Valida;on?	  
Final	  spin	  norm	  
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Error	  analysis	  –	  final	  spin	  direc$on	  

No	  significant	  correla;on	  between	  the	  error	  of	  the	  final	  spin	  norm	  predic;on	  and	  any	  quan;ty	  of	  the	  	  
ini;al	  data,	  such	  as	  	  	  	  	  	  	  	  	  	  	  or	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  
	  
However,	  consider	  final	  spin	  direc;on:	  	  

Only	  172	  simula;ons	  in	  
the	  valida;on	  set	  
provided	  the	  final	  spin	  
direc;on	  	  

v, !a a1 × a2
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Valida;on	  test	  of	  assump;on	  III:	  	  Sfin J(rIn )

The	  lower	  the	  aligned	  component	  of	  the	  total	  
angular	  momentum,	  the	  more	  imprecise	  is	  
assump;on	  III,	  adiaba;c	  approxima;on	  is	  not	  valid	  	  
à	  transiBonal	  precession	  

Final	  spin	  direc;on	  is	  par;al	  affected	  by	  the	  
defec;ve	  generaliza;on	  in	  assump;on	  III	  
Solu;on?	  	  
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Conclusion	  

•  Improvement	  of	  the	  AEI	  successfully	  achieved	  consedring	  final	  spin	  norm:	  standard	  
devia;on	  reduced	  by	  nearly	  50%	  for	  aligned	  BBH	  and	  15%	  for	  generic	  BBH	  

•  Addi;onal	  terms	  (GU*	  formula)	  especially	  useful	  for	  BBH	  with	  aligned	  spin	  

•  Validity	  for	  extreme	  mass	  ra;os	  q	  =	  0.01	  

•  Final	  spin	  direc;on	  s;ll	  impaired	  for	  Jz	  <	  0.5	  
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