Modelling the final spin
from black hole mergers

Bachelor Thesis
Fabian Hofmann



Bachelor Presentation Fabian Hofmann

W-.to caIcuIatef’t e

p p.%erhes of the ﬁ
3 " b I ac k h ole




Bachelor Presentation Fabian Hofmann

Initial data

* Mass ratiog=M, /M,
or symmetric mass ratio

v =q/(1+q)* - Seven dimensional parameter space

* Initial spin a, and a,
W|th ai =Jl- /Miz

Aim:

Derive a phenomenological formula suchas a;, =a, (a,.a,,v)



Bachelor Presentation Fabian Hofmann

AEl Formula

Deriving a formula for black hole binaries with aligned and equal
spins (a1 =ai2 =a) using polynomial expansion:

2 3 2 2 2 3
Ag, =S +8a+85,a" +5,a" +s5,a°v+sav” +1,av+Lv+1v° +1,v
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Setting coefficient constraints to simplify

e alfin (q=0)=a 9 So=8,=8; = O, A\ =1
* Taylor expansion at alfin (a,v«1) 2 - ag d =243
1%
(a=0, v=0)

e accurate simulation for 2=0,=0.25

A 95=16-(0,68646—t—3—§)10,00064
a, =">+5 15 _068646+0.00004 64 2

T2 16 64



Bachelor Presentation Fabian Hofmann

Expansion for unequal spins
a—a=(q, +a2q2)/(1+q2)

AEIl formula for aligned binaries

a, =a+av(s,a+sy+1,)+v2\3+6,v+1,0%)

fin

s,=-0.1229, s, = 0.4537,
t,=-2.8904, t, = 2.5763

The four unconstraint coefficients were fitted to 72 numerical simulations from papers
published up to 2009. 6
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Modelling generic binaries
Starting point: S =8 +5, +1

5 assumptions for expanding the AEIl formula for generic binaries
I Mg,=M;+M,
i a,18]=38,]=3, |0

m. S,

J ()

IV a(g i) a(S §) 0 Adiabatic approximation
. 9.(S-L)=0a (S -S,)=

v. agla =-a,,v)=a,(a =a,=0,v)
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Using the assumptions and

S.=&+&+i

fin

one can derive the norm of the final spin

__
(1+q)°

1/2

(|a1|2 + |a2|2 q' +2a,||a,|q* cosa + 2(|a1|cos/§(13n) +|a,|q* cos7(r,))|l|q + |l|2 q’)

ay,
\ J

| |

Calculated at the initial separation,

A A

cosff=a,"L and cosy=a, L

Remaining quantity

Note that this expression of the norm is independent of the radius.
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Matching with the AEIl formula for aligned spins leads to

I|=2V3+t,v+107 + (I:ﬁ(pf + |¢12|2 q' +2la||a,|q’ cosa))
SV+It,+2

1+q2

+( )(|a,|cos B(r;,) +|a,|q” cos7(r;,)

The direction of the final spin is given by S, [J(1;,)

This formula was successfully proven and compared with the data published up to 2009.
Problem:
Size and accuracy of the fitting data set
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Improvement of the AElI formula

* Gathering of 272 new BBH simulations with spin aligned (in addition to the 72 “old” simulations) - fitting data
* Gathering of 440 new generic BBH (in addition to the 86 “old” simulations) = validation data

* Introduction of the fourth order term in the initial polynomial expansion for equal, aligned spins

2 3 4 2 2 3 2.2 3
A, =S,+85,a+8,a +8,0°+5,a +5,a°V+s.av +5,aV+s,aV +s,av° +

fi

2 3 4
+,av+tv+Lv 5V +1,V

and derivation of the generic expression from there

* Sampling the fitting data set

10
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Data Fit

Fitting the formula without additional terms (only AEl terms) = GU formula

a, = Zz+&v(s451+ssv+t0)+v(2x/§+t2v+t3v2)

fi
Fitting the formula with additional terms - GU* formula

~ o~ ~ ~2 ~ 2 2 3 4
A, =a+av(s,a+ssy+s,a° +5av+ SV +t0)+2\/§v+t2v +5,V +1,V

From the fitting data set with aligned spin, sample such that only recent simulations (since 2010)
are included and simulations with too large residual are not considered, thus

e,|<0.01

11
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Histogram of residuals for the sample
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Count
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Distribution of the sampled data set?

1.0

14
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Matching additional terms for generic expression

—

~ o~ ~ ~? ~ 2 2 3 4
A, =a+av(s,a+ssy+s,a" +S8,av +S,v +t0)+2x/§v+t2v +1,V° +1,V

] . ) ~
= Qrar . (|al|2 + |(12|2 q* +2|a|a,|q” cosa+2(a,|cos B(r,,) +|a,|q° cos7(r, )|I| g + |l|2 qz)l/2

aﬁn

N BV NCET R RS RS

S, +SY s7(|a1|cos/3’+|a2|q2 cosy)
(d+q°)’ d+q°)

2
SoV™ +1,+2

(|al|2 +|a2|2 q4 +2|a1||a2|q2)

+

v (a|cos B +|a,|q* cos?).

15
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Does the GU* formula really improve the AEl formula? Validation?

Final spin norm

Histogram of residuals for generic binaries
I I I | |
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Note that @=L (all +al2 g12)/(1+g72)
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Error analysis — final spin direction

No significant correlation between the error of the final spin norm prediction and any quantity of the
initial data, such as v, a or |a1 xa2|.

However, consider final spin direction:

14 ! ! ! ! ! ! !
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Validation test of assumption llI: S,

J(r,)

; ; ; ; ; ; ; The lower the aligned component of the total
0 I T N A O O N angular momentum, the more imprecise is

_ | | _ | : : assumption lll, adiabatic approximation is not valid
i R o s _ _ - transitional precession

20}

LLE : :
% :
xﬁ&zs* @iﬁ ML
8 10 1

2 1.4

151

067‘7"07’

: x: :
0 1 . .
-02 00 02 04 06 O 10 : o

o . . .

Final spin direction is partial affected by the —02 0002 04 S ‘(’f ) o8 10 iz 14
defective generalization in assumption Il s

Solution? i,



Bachelor Presentation Fabian Hofmann

Conclusion

* Improvement of the AEI successfully achieved consedring final spin norm: standard
deviation reduced by nearly 50% for aligned BBH and 15% for generic BBH

* Additional terms (GU* formula) especially useful for BBH with aligned spin
e Validity for extreme mass ratios g = 0.01

* Final spin direction still impaired for J,< 0.5

19
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