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Background: Bondi-Sachs Formalism®

The Bondi-Sachs metric is
ds® = — (eQﬁ(l + Wer) — ’rzhABUAUB) du?
—2e2Bdudr — 2r2hABUBdudxA + rzhABdaf;Ada:'B,

where r is an area coordinate so that det(hsp) = det(gap) with
gap a unit sphere metric (e.g. d92 + sin20d¢2). We introduce a
complex dyad g4 (e.g. g4 = (1,isin) ). Then hap, U2 can be
represented by

J=hapadP/2, U=U%%,.

*H Bondi et al., Proc. R. Soc. London A269 2152 (1962); RK Sachs, Proc.
Roy. Soc. London A270 103126 (1962)



Einstein’s equations R,z = 8m (T3 — %gaﬁT) can be categorized
as

e Hypersurface equations, Rll,qARlA,hABRAB,

5,?‘ — fl(J)
U,?“?“ — fQ(Jaﬁ)
WC,T — f3(‘]767 U)

e Evolution equation ¢¢PR 4

Jur = f4(‘]767 Ua WC)

Y

where the f; include hypersurface derivatives (0,,94) of the
variables

e Constraints Rp-



Compactify: r >z withr=0c —>x=1,¢e.9. z=7/(1+r).
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Inclusion of matter to the characteristic formalism?

The matter is characterized by

Density p
Pressure p
Covariant 4-velocity  wvq = (vg,v1,v4)
Equation of state p = p(p)

Define V = quqA, apply the Einstein equations, as well as the
fluid conservation equations Tg%a — 0, to get

fN.T. Bishop et al., Phys. Rev. D 60, 024005 (1999)



p(p)

Br = f1+2rr(p+p)(v1)?

, fo+ (p+p)v1iVFa(r,B,J)

, fa+ F3(p,p,v1,V,7,8,J)
Jur = fa+ Fa(p,p,V,7,B8,J)
Fs(v1,V,r,B8,U,J)
Fs(p,p,,v1,V,vo,m, B8, J, U, We)
via = Fr(p,p,v1,V,r,B,J,U We)
Fs(p,p,v1,V,vo,r, 3,J, U We).
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Evolution variables  J,p,v1,V
Auxiliary variables p, 8,U, W, vg



No boundary condition, but

/ regularity must be satisfied

Find: p, B, U, W, Jd,v,,p,V, Vv

Au

Initial data: J, p, v, v
1 A



Characteristic extraction

Gravitational radiation is defined at future null infinity (J71)

But ... It is extracted by perturbative matching, or from ra,,
using data at a finite distance from the source

Characteristic numerical relativity has many positive features
— stability, convergence, inclusion of null infinity

Idea: use data on a finite worldtube as input to a character-
istic code, and thereby calculate the radiation at j+






Characteristic extraction and matching

e Define a worldtube ', and use the Cauchy metric data to
generate characteristic metric data on I; then use the char-
acteristic Einstein equations to find metric data between I
and 771, and compute the radiation at J 7T

e In extraction: Impose a standard outer boundary condition
for the Cauchy evolution at some surface well outside I

e (In matching): Use characteristic metric data to provide an
outer boundary condition for the Cauchy evolution
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Worldtube

Only 1n extraction

Outer X,V,Z
boundary

Only 1n matching



Construction of characteristic boundary data

H(t)

Step 1: Transform (¢, z,v,z) to null affine coordinates (u, \, ¢4).
Step 2: Define surface area coordinate r in terms of angular part
of null affine metric, then transform (u, A, ) — (u,r, ).



Gauge issues

The Bondi gauge naturally exhibits asymptotic flatness, and all
Bondi-Sachs metric variables fall of as »r—1 (or faster), so in the
asymptotic limit the metric tends to the Minkowski form

ds® = —du® — 2dudr + r?(d9? + sin? 0dd?) .
The various GW descriptors are (N is the Bondi news)
Ou(rJ)

ripg = 82(rJ), N = , r(hy +ihy) = (J),

evaluated in the limit as r — oo.

In practice, the gauge is not Bondi since it is fixed at the ex-
traction worldtube not Jt. A coordinate transformation, usually
implicit, has to be made to the Bondi gauge. This is a complex
process, and in the end the GW descriptors are given in terms
of (general gauge) metric variables.



Error in GW extraction:

Unphysical initial Cauchy data

Unphysical outer boundary data if rg — rr < tfinal — tinitial
Unphysical initial characteristic data

Truncation error, round-off error
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Observational cosmology

e Cosmological data is (almost all) from the past null cone,
and it is natural to apply the characteristic approach.

e [ hese ideas were developed by Kristian, Sachs, Ellis and
others, using a different formalism. ¥

e Here, we adapt the characteristic code so that it actually
computes the past behaviour of the Universe. We take the
cosmological fluid as dust, with p = 0, T, = pvavp.

T Kristian and RK Sachs, Astrophys. J. 143 379 (1966) ;G.F.R. Ellis et al.,
Phys. Rep. 124, 315 (1985)



Data on the past null cone

e Initial data required by the code: J,p,v1,V, as functions of

T, 4.

e Observational data

z  Position on the sky
d;, Luminosity distance: related to r by dy = (1 + z)2r
z Red-shift: 10 =1+ 2,01 = —e2%(1 + 2)

A A
d;u vy = Fo(r, 2, 8,U, J, %)
ne_Qﬁ

zZ
J Shear: from observed shape of spherical object

A
ddiu Angular velocity : v = (1 + 2)

Observed number count : N = proper number count



e A relationship for p needs to be assumed, say p = aN.

e [ he Einstein equation for R11 becomes

ome_zﬁ

2
5,?‘ = f1+ 277"“1—_'_2 <—€26(1 + Z))

which remains an o.d.e. for 8. Once solved, vy is also found.

e Similarly, the Ry 4 equations remain o.d.es. for U, and once
solved, v4 and hence V are also found.



Spherical symmetry

e Cosmology code implemented and tested for spherical sym-
metry.

e Difficult numerical issues
— Evolution near the origin

— Quter boundary — incoming null geodesic.



r - diameter distance

u - proper time __|

r=10
u=ty LI N

domain of

calculation:

charactenstic
line




Code testing

Use Lemattre-Tolman-Bondi (LTB) model as exact solution

ds? = —dt? + [R,(t,7)]%dr? + [R(t,7)]%(d0? + sin®0d¢?).

Spherically symmetric inhomogeneous model, with FRW re-
covered when R(t,r) = ra(t).

We use R(t,r) = r(t —br)2/3, so b= 0 is Einstein-de Sitter.

Construct (numerically) coordinate transformation to char-
acteristic coordinates.
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LTB vs ACDM

e Snla data is usually regarded as caused by dark energy, but
could also be explained by large scale inhomogeneities, i.e.
an LT B model.

e However, the past behaviour of LTB and ACDM models is
different.



1.2e-025 T T T T T
* —
1e-025 * b —
% Lines - ACDM values ; i
Points - CIVP code (LTB) §
8e-026 ;‘ b L b
mg 5 p at u=8 Gyrs ago '§ )
Py | X - i E
%D 6e-026 *** / N 2z |
o * ><>< %
4e-026 ;X%XXXXE » ’ XXXX E 5 \ E
o - b at u=4 Gyrs ago *XX( 5 Lines - ACDM values *
T 257 patu=14.46 Gyrs (today) - 24T viatu=4Gyrsago % 4
2e-026 ) : P Points - CIVP code (LTB) |
R ’ W*‘W# 2.6 *\ 7
0 1 1 1 1 1 _2.8 1 1 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4 5
1 (Glyrs) 1 (Glyrs)

Suppose that we are in a A = 0, LTB universe. In the past, 6
Gyrs ago, could the observational data also have been interpreted
as ANCDM?
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No: If the universe is LTB, then not only are we at a special
place, but also at a special time



Going beyond the point of reconvergence on the past null
cone

e Due to the expansion of the universe, the past null cone
has a maximum size (where » = rmax), and beyond this it
reconverges. In EdS, rmax is at z = 1.25.

e At r = rmax the coordinates are singular, and the code can
be used only in @ domain r < rmax — €.

e [his is a coordinate problem and is resolved by using new
coordinates.



Affine radial coordinate

From the geodesic equation

d’l‘ _26

— —e , 1

. (1)
Apply the tensor transformation law to the Bondi-Sachs metric,
and re-write it in the form

W
ds® = — (1 + 5) du® — 2dudv + D?{d#? + sin® 0dy?}  (2)
with: W =W (u,v) and r — D = D(u,v).



Substitution into the Einstein field equations gives

1
Dy = =5 kDp(v1)? (3)

1
Dy = E{W,’UD,’U + DD yy + WDy —2D Dy — 1 (4)
1
+(D.w)? + SrpD? — vDQ} / D (5)

W 1
Woow = BD’UU + 4D yy + 2k (vovlp — 5,0) D+ 2vD (6)

with: D(0) = W(0) = W4(0) = D4(0) =0 and D,(0) = 1.

Then substituting the dust stress-tensor (T,, = pvqv,) into the
conservation equation, T“% — 0, yields the fluid equations



v= o {1+ ) m o) re 5007 (- 0) ) @

1 2v1 2vg 2D u)
= D — (=D - ’
m{ K )(D ’“+Ul’”> (D vt 0”) (D o
%% D W %%
(D) ] 4 (14 5 0)
(8)
Here v; = —(142), and using the condition ¢®v,uv, = —1, vg can

be written as

1 %74 1 _
o= (147 )t gt (9)
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Using real data

Much data is processed assuming the FRW model, and the avail-
ability of data that is independent of cosmological model is lim-
ited. We use

e Union 2.1 Snla data: D(z)

e Cosmic chronometers: dz/dt, where t measures proper time
along the worldline of a galaxy



e Derived quantities: 1 d
H(z) = — -
1+ zdt

dz — z(v)

v(z) =

z 1
/O (1+ 2)2H
D(z) — D(v)
202D
- kD(1 4+ 2)2

p:

e Cosmological constant A: Either assume a value, or regard
A as a random variable uniformly distributed over [0, Amaz]
where Amaz 1S an upper bound on A such that Q25 = 1.



Monte Carlo method

Each element in a set of experimental data such as (D;, z;),1 =
1,.-- ,nis not known precisely but has a standard deviation o; at-
tached to it. It is straightforward to construct a random variable
Xp;, with mean D, and standard deviation o;, to represent the
result of a measurement of D at z;. Here we need a to construct
a random process to draw a realization of D(z) that is a smooth
function with values at nearby points highly correlated. We use
Gaussian Process Regression as implemented in GaPP to do s0.8

SM Seikel et al. JCAP 06 036 (2014)



Algorithm 1

e Draw realizations of D(z),dz/dt(z)

e Compute derived quantities D(v), p(v),v1(v) and run charac-
teristic code

e Compute desired quantities on and inside past null cone; dis-
card realization if unphysical — p < 0 anywhere, age t* <
10.5QGyr, or shell-crossing.



Algorithm 2

e Draw 1000 realizations, and check that they are all physical

e Make a (small) random step within the function space, and
perform algorithm 1

e Determine probabilities of old and new realizations fitting the
data, and use this in a weighted probability formula to decide
whether or not to accept the step

e For the 1000 realizations, determine the mean, 1o, 20 values
for derived qunatities



e [ake another random step, and repeat until mean, lo, 20
values do not change significantly

e Double the number of realizations, and repeat all the above,
and see if there is any significant change to the mean, 1o,
20 values. If yes, double the realizations again and repeat.



Testing the Copernican principle

We construct quantities 77,15 that are zero in a homogeneous
universe (FRW), but non-zero otherwise, and see if the data can
determine whether or not 77,75 = 0.

e 77 measures the difference between the radial (H) and tan-
gential (H ) expansion rates,

H 1
T1=1——l=1——<(1+z)auD—

H HD

2(1 + 2) 2

e In FRW the curvature constant £k = +1,0 and does not vary.
This can be used to construct

To =14 H?[(1 + 2)?(D82D — (8.D)?) — D?]
+(1 4+ 2)HDIH[(1 + 2)0:D + D] .
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Real data
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Discussion

Simulated data tests behave as expected

L'TB model has A = 0 with parameters set to fit Snla data

Expect quality of data sets to improve with time

We are investigating how to use data sets, such as galactic
number counts, which are not independent of the cosmolog-
ical model



e For the future, a direct measurement of red-shift drift would
be important. With 3 independent data sets, we can deter-
mine both the geometry of the past null cone and the theory
of gravity on cosmological scales: The value of A could be de-
termined, and even whether or not it is distance-dependent.



Cosmology with 3D characteristic code

e Characteristic extraction code has been adapted for cosmol-
ogy, i.e. inclusion of matter as dust, and with a central region
excluded. The code is currently being tested.

e Little prospect of data for V (proper motion) or J (gravita-
tional waves).

e Instead, will be used to explore What if? questions concern-
ing cosmological averaging: strongly inhomogeneous density,
importance of angular motions, gravitational waves, etc.



Conclusions

T he characteristic formalism can be used for numerical evo-
lutions in vacuum, or with matter.

The formalism is use for the extraction of gravitational radi-
ation from a “341" simulation.

T he characteristic code can be used, in principle, to compute
the past behaviour of the universe from observations.

If the universe is A = 0 LTB rather than ACDM, then not
only are we in a special position, but we are also at a special
time.



In order to get past the reconvergence of the past null cone,
the code has been reformulated using an affine, rather than
a surface area, radial parameter.

The code can be used with real data to constrain the cosmo-
logical model, although at present models are not strongly
constrained.

Further sharpening of data, and additional data sets, should
lead to interesting results.

The 3D characteristic cosmological code will be able to ex-
plore the importance of averaging in cosmology.
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