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motivation
• high B neutron stars: XDINSs and RRATs, SXPs, ESPs, having super critical magnetic fields  

• Soft Gamma-ray Repeaters (SGRs), Anomalous X-ray Pulsars (AXPs) 

• Observations indicate common features ⇒ SGRs/AXPs belong to a unified class of objects,
 i.e. magnetars

2 Ho, Klus, Coe, & Andersson

method for matching the detailed result of Ghosh & Lamb
(1979b). In Section 3, we show that the standard model
can explain fast-spinning, weak magnetic field pulsars in
low-mass X-ray binaries (LMXBs) and slow-spinning, strong
field pulsars in HMXBs, and we consider the broader con-
text of neutron star magnetic fields in light of our findings.
We summarize in Section 4.

2 STANDARD DISK ACCRETION MODEL

AND EQUILIBRIUM SPIN PULSARS

Figure 1 shows the spin period time derivative Ṗ as a func-
tion of spin period P for known pulsars. For isolated sources,
i.e., those not in a binary system, pulsars with the highest
Ṗ values are magnetars, i.e., neutron stars that predomi-
nantly have magnetic fields B ! 1014 G and can exhibit a
variety of high-energy emission (Woods & Thompson 2006;
Mereghetti 2008). The vast majority of sources are normal
rotation-powered radio pulsars whose spin-down rate (i.e.,
Ṗ > 0) is measured very accurately from coherent tim-
ing analysis (Lyne & Graham-Smith 1998). The pulsar mag-
netic field is then estimated by assuming that the electro-
magnetic energy radiated produces a torque (after using the
conversion: torque = −2πIṖ/P 2)

Ṗ ≈ 9.8× 10−16 s s−1 R6
6I

−1
45 B2

12P
−1, (1)

where R6 = R/10 km and I45 = I/1045 g cm2. While the
exact nature of the mechanism that causes radio emission
is not known for certain, there is general agreement that
there exists a “death line” below which observable emission
ceases (Ruderman & Sutherland 1975; Bhattacharya et al.
1992). An example death line is shown in Fig. 1.

In contrast to radio pulsars, the period derivative of ac-
creting neutron stars in an X-ray binary is determined by
measuring and finding the difference between the spin period
at different epochs (see, e.g., Townsend et al. 2011). We see
from Fig. 1 that Ṗ for accreting pulsars with P ! 1 s, such as
the SXPs, is much larger than that of most radio pulsars and
that Ṗ for SXPs is comparable to other previously-known
long spin period sources. All these pulsars possess a binary
companion (some companions are low-mass stars and others
are high-mass main sequence or supergiant stars) from which
the neutron stars are accreting. Because accretion is thought
to suppress radio emission (Bhattacharya & van den Heuvel
1991; Archibald et al. 2009) and the torque from accretion is
much stronger than that of electromagnetic spin-down (see
Sec. 1), the magnetic field of accreting pulsars in a LMXB
or HMXB cannot be estimated using eq. (1). To determine
their magnetic field, one can use the standard disk accretion
model of Ghosh & Lamb (1979b) (see also Ghosh & Lamb
1979a; we also examine the model of Kluźniak & Rappaport
2007, see below). This model is based on detailed calcula-
tions of the interaction between a rotating pulsar magneto-
sphere and an accretion disk surrounding the pulsar. The
predicted torque yields

Ṗ = −4.3× 10−5 s yr−1 M−3/7
1.4 R6/7

6 I−1
45

×n(ωs)µ
2/7
30

(

PL3/7
37

)2

, (2)

where M1.4 = M/1.4M", µ30 = µ/1030 G cm3, µ (= BR3)
is the magnetic moment of the neutron star, and L37 =
L/1037 erg s−1, and is shown in Fig. 2 for three values of

Figure 1. Pulsar spin period P versus spin period time deriva-
tive Ṗ . Open squares are pulsar values taken from the ATNF
Pulsar Catalogue (Manchester et al. 2005), and solid squares
denote magnetars. Open and closed circles denote (accreting)
sources that have Ṗ < 0 and Ṗ > 0, respectively (Klus et al.
2013a, and references therein; Esposito et al. 2013; Klus et al.
2013b). Triangles denote (accreting) LMXBs (Patruno 2010;
Haskell & Patruno 2011; Riggio et al. 2011). The dashed lines
indicate spin-down age (= P/2Ṗ ) and inferred magnetic field
[= 3.2×1019 G (P Ṗ )1/2]. The dotted line indicates the (theoret-
ically uncertain) death line for pulsar radio emission; note that
the death line shown here is calculated using eq. (1) and there-
fore does not apply to accreting pulsars (c.f. Fig. 4). The solid
line indicates the minimum P and maximum Ṗ that a pulsar can
possess as a result of matter accretion from a binary companion.

the magnetic field. Hereafter we ignore mass and radius de-
pendencies since they can only vary by a factor of about
two while the magnetic field can vary by several orders
of magnitude. The dimensionless torque n(ωs) accounts for
coupling between the magnetic field and the disk plasma
(Ghosh & Lamb 1979b) (see also Wang 1995) and depends
on the fastness parameter ωs [≡ Ω/ΩK(rm)], which is given
by

ωs = 3.3 ξ3/2M−2/7
1.4 R−3/7

6 µ6/7
30

(

PL3/7
37

)−1

. (3)

Ω = 2π/P is the pulsar spin frequency, ΩK(rm) is
the Kepler orbital frequency at radius rm [= ξrA =
ξ(GMµ4/2R2L2)1/7], where the energy density of accret-
ing matter transitions from being kinetically to magneti-
cally dominated, and ξ ≈ 1 (see, e.g., Wang 1996). The sign
of the dimensionless torque n(ωs) is determined by whether
the centrifugal force due to stellar rotation ejects matter and
spins down the star (“fast rotator” regime with ωs > 1) or
accretes matter and spins up the star (“slow rotator” regime
with ωs < 1) (see, e.g., Wang 1995). It is important to note
that a long spin period (P % 1 s) pulsar can still be classi-
fied as a fast rotator since the fastness parameter ωs depends
on the strength of the pulsar magnetic field.

c© 2013 RAS, MNRAS 000, 1–6
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magnetars
• quiescence: all SGRs/AXPs display a steady luminous X-ray emission with emission Lx ~ 1035 erg/s 

• characterized by X-ray bursting, flaring and outbursts, Luminosities super-Eddington ~ 1046 erg s−1 

• Large luminosities at quiescence and during outbursts can be explained in terms of magnetic dissipation

• long periods (P ~ 5-12 s), large spin-down rates (Pdot ~ 5 ×(10−13 − 10−10) s/s)

• dE/dt > dErot/dt  ⇒ powered by field decay

• P-Pdot, magnetic braking ⇒ B ~ 1014 - 1015 G
(Duncan & Thomson 1992; Thomson & Duncan 1993)

• Direct measurements of the field (Ibrahim et al.)
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maximum allowed magnetic field

•  Inside the star, the magnetic field may be even 
higher
• The limiting interior field strength for a star can 
be estimated using the Virial theorem,
   2T + W + 3 Ω + M = 0
         T = total rotational kinetic energy
        W= gravitational potential energy
       Ω = internal energy
       M = magnetic energy
Since T,  Ω > 0 , maximum magnetic energy can 

be comparable to, but cannot exceed 
gravitational energy in equilibrium

• For a typical neutron star, Bmax ~ 1018 G 
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NEUTRON STAR STRUCTURE
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Equation of state (EoS)
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Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M!, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M!, and are therefore ruled out.
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Fig. 1. Measured neutron star masses. References in parenthesis following source numbers are
identified in Table 1.

Mmax(theo) > Mmax(obs) 

Constraining the EoS

Lattimer and Prakash, arXiv:1012.3208

Demorest et al (Nature 2010)

Antoniadis et al (Science 2013)
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Introduction: Neutron stars with masses above 1.8 solar masses (M�), possess extreme gravitational 

fi elds, which may give rise to phenomena outside general relativity. Hitherto, these strong-fi eld devia-

tions have not been probed by experiment, because they become observable only in tight binaries 

containing a high-mass pulsar and where orbital decay resulting from emission of gravitational waves 

can be tested. Understanding the origin of such a system would also help to answer fundamental ques-

tions of close-binary evolution.

Methods: We report on radio-timing observations of the pulsar J0348+0432 and phase-resolved 

optical spectroscopy of its white-dwarf companion, which is in a 2.46-hour orbit. We used these to 

derive the component masses and orbital parameters, infer the system’s motion, and constrain its age.

Results: We fi nd that the white dwarf has a mass of 0.172 ± 0.003 M�, which, combined with orbital 

velocity measurements, yields a pulsar mass of 2.01 ± 0.04 M�. Additionally, over a span of 2 years, 

we observed a signifi cant decrease in the orbital period, P�
b

obs
 = –8.6 ± 1.4 µs year

−1
 in our radio-

timing data.

Discussion: Pulsar J0348+0432 is only the second neutron star with a precisely determined mass 

of 2 M� and independently confi rms the existence of such massive neutron stars in nature. For these 

masses and orbital period, general relativity 

predicts a significant orbital decay, which 

matches the observed value, P�
b

obs
/
 P�

b

GR
 = 1.05 

± 0.18.

The pulsar has a gravitational binding 

energy 60% higher than other known neu-

tron stars in binaries where gravitational-

wave damping has been detected. Because 

the magnitude of strong-field deviations 

generally depends nonlinearly on the bind-

ing energy, the measurement of orbital 

decay transforms the system into a gravita-

tional laboratory for an as-yet untested grav-

ity regime. The consistency of the observed 

orbital decay with general relativity  therefore 

supports its validity, even for such extreme 

gravity-matter couplings, and rules out 

strong-fi eld phenomena predicted by physi-

cally well-motivated alternatives. Moreover, 

our result supports the use of general rela-

tivity–based templates for the detection of 

gravitational waves from merger events with 

advanced ground-based detectors.

Lastly, the system provides insight into 

pulsar-spin evolution after mass accretion. 

Because of its short merging time scale of 

400 megayears, the system is a direct chan-

nel for the formation of an ultracompact x-ray 

binary, possibly leading to a pulsar-planet 

system or the formation of a black hole.

Artist’s impression of the PSR J0348+0432 system. 
The compact pulsar (with beams of radio emission) produces 

a strong distortion of spacetime (illustrated by the green 

mesh). Conversely, spacetime around its white dwarf com-

panion (in light blue) is substantially less curved. According 

to relativistic theories of gravity, the binary system is subject 

to energy loss by gravitational waves.
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companion to high precision[3, 4]. Here we present radio timing ob-
servations of the binary millisecond pulsar PSR J1614−2230, which
show a strong Shapiro delay signature. The implied pulsar mass
of 1.97±0.04M! is by far the highest yet measured with such cer-
tainty, and effectively rules out the presence of hyperons, bosons,
or free quarks at densities comparable to the nuclear saturation
density.

In the accepted “lighthouse model” description of radio pulsars, a rapidly
spinning neutron star (NS) with a strong magnetic field (108-1015G) emits a
beam of radiation that is typically misaligned with the spin axis. A broad-
band, polarized pulse of radio emission is observed once per rotation if this
beam crosses the Earth-pulsar line of sight. The extraordinary rotational sta-
bility of pulsars permits the precise measurement of a number of systematic
effects that alter the arrival times of the radio pulses at Earth, a procedure
referred to as pulsar timing. In the case of binary millisecond pulsars, which
are the most stable pulsars with orbital companions, even typically subtle
effects such as the general relativistic Shapiro delay can be revealed by tim-
ing. The Shapiro delay is an increase in light travel time through the curved
space-time near a massive body. In binary pulsar systems that have highly
inclined (nearly edge-on) orbits, excess delay in the pulse arrival times can
be observed when the pulsar is situated nearly behind the companion dur-
ing orbital conjunction. As described by general relativity, the two physical
parameters that characterize the Shapiro delay are the companion mass and
inclination angle. In combination with the observed Keplerian mass function,
the Shapiro delay offers one of the most precise methods to directly infer the
mass of the NS. In turn, any precise NS mass measurement limits the equa-
tions of state (EOS) available to describe matter at supranuclear densities.
The discovery of a NS with mass significantly higher than the typical value
of ∼1.4M! would have a major impact on the allowed NS EOS as well as
additional implications for a wide range of astrophysical phenomena[5].

PSR J1614−2230 was originally discovered in a radio survey of uniden-
tified EGRET gamma-ray sources using the Parkes radio telescope[6]. The
spin period P is 3.15ms, and initial timing with Parkes showed the pulsar to
be in a binary system with an 8.7-day orbital period and a companion of mass
M2 ! 0.4M!. The system was noted as having a higher companion mass
than is typical for fully-recycled (P " 10ms) pulsars, which predominantly
have helium white dwarf (WD) companions with masses of ∼0.1−0.2M!.
Furthermore, the orbital period is shorter than expected given the massive

2
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particles in magnetic field:
landau quantization

 
• In the presence of the magnetic field, the motion of the charged particles is Landau quantized in the 
direction perpendicular to the magnetic field. 
• The critical field (the value where the cyclotron quantum is equal to the rest energy of the charged 
particle) for electrons is Bm(e)(c) = 4.4 × 1013 G, and for protons it is Bm(p)(c) ∼ 1020 G
• Choosing the coordinate axes such that B is along z-axis, the single particle energy of any charged 
particle at n-th Landau level is given by 

The total energy density and pressure of the system can be obtained by computing the
energy-momentum tensor from the Lagrangian density (1). The result is

T µν = T µν
m + T µν

f , (11)

where the matter part is given by

T µν
m = εmu

µuν − P (gµν − uµuν) +
1

2
(MµλF ν

λ +MνλF µ
λ ), (12)

with εm being the matter energy density, P - the thermodynamic pressure, Mµν - the
magnetization tensor. The field part of the energy-momentum tensor is given by

T µν
f = −

1

4π
F µλF ν

λ +
1

16π
gµνF ρσFρσ. (13)

In the following we will neglect the electric field, as there are no macroscopic charges in the
bulk matter. Therefore, Eqs. (12) and (13) reduce, respectively, to [52, 67]

T µν
m = εmu

µuν − P (gµν − uµuν) +MB

(

gµν − uµuν +
BµBν

B2

)

, (14)

T µν
f =

B2

4π

(

uµuν −
1

2
gµν

)

−
BµBν

4π
, (15)

with BµBµ = −B2 and M being the magnetization per unit volume.
In the presence of the magnetic field, the motion of the charged particles is Landau

quantized in the direction perpendicular to the magnetic field. We choose the coordinate
axes in such a way that B is along z-axis. Then, the single particle energy of any charged
particle at n-th Landau level is given by

En =
√

p2z +m2 + 2ne|Q|B, (16)

where m is the mass of the particle, pz is the component of momentum along z direction.
The Landau levels in Eq. (16) assume integer values n = 0, 1, 2... for spin-up states and
n = 1, 2, 3... for spin-down states for positively charged particles. For negatively charged
particles n takes on values n = 0, 1, 2, ... for the spin-down states and n = 1, 2, 3... for spin-up
states. The zero-temperature number density of charged baryons and leptons is given by

nC =
e|Q|B

2π2

nmax
∑

n=0

(2− δn,0)
√

p2F − 2ne|Q|B, (17)

with

nmax = Int

(

p2F
2e|Q|B

)

, (18)

where pF is the Fermi momentum. At zero temperature the number density of neutral
baryons is expressed via their Fermi momentum as

nN =
p3F
3π2

. (19)
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effects of magnetic field on the dense matter 
Equation of State

interaction of the electromagnetic 
field with matter (magnetisation) 

anisotropy of the energy momentum tensor caused
 by breaking of the spherical symmetry by the electromagnetic field

to calculate the structure and observable properties 
of the neutron star within General Relativistic framework

Microphysics

Macrophysics

Noronha and Shovkovy (2007), Ferrer et al. (2010), Paulucci et al. (2010),   
Dexheimer, Menezes, Strickland (2012)

Magnetic field effects in Neutron Stars
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The equation of state of a magnetized neutron star matter (εmag, Pmag) was already
calculated by [4]. The difference in the calculation for our model is that we have a
different effective mass expression, which modifies the results for chemical equilibrium.

Considering the pressure isotropy [5, 6], the EoS with all contributions are:
ε =

∑

B,l εmag +
B2

2
, P‖ =

∑

b,l Pmag −
B2

2
, P⊥ =

∑

b,l Pmag +
B2

2
− BM. The

magnetization is calculated as: M = ∂Pmag/∂B.
In this work, we use a density dependent magnetic field. We consider a magnetic

field with the following baryonic chemical potential dependence [3]:

B(µ) = Bsurf +Bc [1− exp (−b (µn − 938)a)] . (6)
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f
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−
4
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B = 1.4× 1018G, m∗/mN = 0.70
B = 1.4× 1018G, m∗/mN = 0.75
B = 1.4× 1018G, m∗/mN = 0.78

Figure 1: EoS dependence with B for dif-
ferent parameters: λ = 0.06; 0.10; 0.14
(m∗/mN = 0.70; 0.75; 0.78MeV )
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Figure 2: Mass-radius relation for differ-
ent values of effective mass of the nucleon
and central magnetic field.

The Bsurf and Bc correspond to the magnetic field at the surface of the star,
Bsurf = 1015G, and at very high baryon chemical potential, which we vary. The
parameters a and b tell how fast the magnetic field chemical potential dependence is
(a = 2.5; b = 4.35× 10−7).

3 Results and Conclusion

When all contributions are considered, the total EoS gets stiffer for heigher magnetic
fields, Fig 1, due mainly to the pure magnetic field contribution. As a consequence,
the mass-radius relation permits higher maximum masses for hyperon stars. From
uncertainties of nuclear matter properties at saturation and our choice of hyperonic
coupling scheme, the TOV relations [7] allow us to describe a magnetic hyperon star

3
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Fig. 3 Same as figure 1, but for the hyperon coupling model
HYS(3).

2011)

ε =
∑

B,l

εmag +
B2

2
;P‖ =

∑

b,l

Pmag −
B2

2
,

P⊥ =
∑

b,l

Pmag +
B2

2
−BM , (17)

where the magnetization is calculated asM = ∂Pmag/∂B.
We assume a magnetic field with chemical potential de-

pendence (Bandyopadhyay et al. 1997; Dexheimer et al.
2012):

B(µ) = Bsurf +Bc [1− exp (−b (µn − 938)a)] , (18)

where Bc represents the magnetic field in the high µn limit
and the parameters a and b determine how fast the magnetic
field increases towards the center of the star.

5 Results and conclusions

Wemodel particle populations considering the conditions of
beta-equilibrium, charge neutrality and baryon number con-
servation. Also, we assume that the baryon chemical poten-
tial suffers a shift by the vector mesons due to the nuclear
interaction:

µ∗
i = qbi µn − qei µe − gωω − g"%

τ

2
. (19)
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Fig. 4 EoS (top panel) and mass-radius diagram (bot-
tom panel) for different central magnetic fields Bc, and
different hyperon coupling model. All curves use the first
parametrization on table 2 (λ = 0.06).

In addition, our hadronic model considers magnetic ef-
fects on the hyperon population of neutron stars with strong
magnetic fields. As can be seen in the top panel of Figs. (1),
(2) and (3), the different hyperon coupling models repro-
duce quite different star populations.

The chemical potential of particles is responsible for
their appearance in the system and it is calculated based on
the coupling constants with the mesons. More precisely, the
coupling with vector mesons lowers the chemical potential,
allowing the baryons to be created at lower densities, among
other conditions. In particular, the HYS(3) proposes that
all hyperon species have a zero coupling constant with the
meson %, implying a higher chemical potential. The conse-
quence of this choice of model is the appearance of hyperon
species only at high densities - in comparison with HYS(1)
and HYS(2) - which have the direct effect of stiffening the
EoS, as shown in the top panel of Fig. (4).

Moreover, the introduction of magnetic fields in the
model raises several new issues concerning the star popula-
tion which are discussed in the following. The first one is the
change in the order that the hyperons appear as a function of
density, like for example theΣ+ andΞ− in the bottom panel

c© 2014 WILEY-VCH Verlag GmbH&Co. KGaA, Weinheim www.an-journal.org
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FIG. 7. Mass-radius relation for magnetized strange CFL stars
and bag constant B = 58 MeV/fm3. The full line indicates the M-
R relation for zero magnetic field, whereas the dashed and dotted
lines represent the MR relation calculated with the parallel and
perpendicular pressures, respectively, for H̃ = 1.7× 1017 G (upper
panel) and H̃ = 3× 1018 G (lower panel).

yet to be constructed taking into account the pressure
asymmetry. (this is why the M-R sequences in Fig. 7
lower panel should not be trusted, and we stress again
that they should be considered just as an example). We
shall address this issue elsewhere.

Fig. 8 compares our result for zero magnetic field EoS
with the one presented in reference [8]. It shows that the
curves calculated using NJL + B and bag model with
small ∆ are quite similar. Nonetheless, it is important
to stress that the calculations of the present work feature
a self-consistent gap parameter (not a constant), which
varies according to the particle density.

FIG. 8. Mass-radius relation for the EoS given in [8] for CFL
matter without magnetic field for two different values of the gap
parameter, ∆ = 0 (dashed) and ∆ = 100MeV , and the results
obtained here setting H̃ = 0 (solid line).

B. Hybrid Stars

The construction of models for the so-called “hy-
brid stars” faces the same problem as before when the
magnetic-field-induced pressure anisotropy is considered.
Working outside the stability windows render EoS which
are valid only above a certain critical density, not all
the way down to zero, since MCFL matter would be fa-
vored at high density only. Thus, the stellar models be-
long to the so-called hybrid type, in which a core of the
high-density matter is present. Again, the value of the
magnetic field induces an increasingly large anisotropy,
which in turn forces the construction of axisymmetric
(not spherical) stellar models. In this way, it can be
modelled within the isotropic TOV formalism only for
relative pressure differences in the ballpark of ∼ 10−3.

Fig. 9 displays a hybrid sequence obtained by em-
ploying the well-known Bethe-Johnson EoS for nuclear
matter and using the Gibbs criteria for determining the
value of the transition pressure between exotic and nu-
clear matter. These curves were calculated using the per-
pendicular pressure (for magnetized stars) as an example.
As expected, the appearance of an MCFL core softens
the EoS, rendering lower maximum masses than “pure”
hadronic models. The main feature of considering the
existence of magnetic field for hybrid MCFL stars is to
switch the point where the hybrid sequences begin, i. e.
where the stars start exhibiting a CFL core. Since the
difference in the EoS for low field MCFL matter and CFL
matter is of just a few percent (see Fig. 3), and because
the star radius depends mainly on the nuclear EoS, ob-
servational data of maximum mass and minimum radii

Paulucci et al. (2010)  
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Figure 6. (Color online) Mass-radius diagram for star families representing three
snapshots of the star evolution shown without and with (variable) magnetic field. The
symbols now represent the time evolution of the most massive stars considering fixed
baryon number. The lower part of the figure is not shown as it exhibits the usual
behavior.

The analysis above works only for stars that are in binary systems, and therefore

can change baryon number with time. So far we have not taken into account baryon

number conservation. Our results for the equation-of-state itself and pressure anisotropy
are general but, in order to analyze the dynamics of an isolated star, we need to constrain

the star’s baryon number to be the one it had at the first moment of evolution (i). In this

way, we can consistently determine its properties such as mass and radius at different

points in its evolution. As can be seen in Table 1 the maximum masses of isolated stars

in all cases now decrease with time. This result agrees with similar hadronic calculations

[30]. It is interesting to note that within this analysis, the magnetic field in the center
of isolated stars from stages (ii) and (iii) only reaches about up to ∼ 40− 50% Bc. The

data from Table 1 with fixed baryon number is also represented in Fig. 6, where the

symbols represent the evolution of the most massive stars allowed (with baryon number

determined by stage (i)).

In addition, we would like to point out that our results are not qualitatively

dependent on amount by which the magnetic field increases from the surface to the
center of the star. Fig. 7 shows that increasing the magnetic field by less than one order

of magnitude instead of three orders of magnitude as done in Fig. 6, the conclusion

remains the same: the maximum masses of isolated stars in all cases decrease with

time. In order to demonstrate this, in Fig. 7 we have changed Bsurf from 1015 G (the

maximum value observed on the surface of stars) to 4.3× 1017 G, a value closer to the

ones from full general relativity calculations from Refs. [11, 12], for comparison. Note
that the ratio between the magnetic field in the center of the star and on the surface is

not simply Bc/Bsurf , but less, since the central magnetic field in the star never reaches

Bc.

It is important to note that we assume that the magnetic field is constant in time
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Figure 5. Mass–radius relation of the hybrid stars described in the present work for several
values of the magnetic field using the slow and fast varying parametrizations of B. (a) and (c) for
Bag1/4 = 180 MeV, and (b) and (d) for Bag1/4 = 165 MeV. The thick lines identify the stars with
a mixed phase at the centre. Stars with smaller masses are hadronic stars with no quark matter,
and stars with larger masses have a pure quark core. For the B∗

0 = 2 × 105 there are no stars with
a quark core.

incompressibility modulus. This explains why the maximum radius of stars with more than
0.5M# is larger for the slowly varying field. This difference can be as large as 1 km for the
largest field considered.

However, the largest mass configuration is obtained for central magnetic fields larger for
the fast varying field and therefore the maximum mass is larger in this case, except for the
largest central value of the magnetic field considered. For this value, the central density for the
maximum mass configuration is ∼3 − 3.3 ρ0. From figure 1, it is clear that these densities are
just above the critical density values for which both parametrizations give the same magnetic
field and, therefore, the star obtained with the slowly varying parametrization has, for most of
the densities, a larger field. The size of the star is largely influenced by the lower density layers
and therefore most of the maximum mass stars have a larger radius for the slowly varying
field, which give rise to larger magnetic fields in the low-density layers.

For a central magnetic field ∼3× 1018 G we get maximum mass configuration with a mass
2.2–2.3M#. Slightly larger central fields predict even more massive stars with M > 2.7M#.
These values would be able to describe highly massive compact stars, such as the one associated
with the millisecond pulsars PSR B1516+02B [23], and the one in PSR J1748-2021B [24] in
case they are confirmed. Otherwise an upper limit on the possible magnitude of the magnetic
field at the centre of a compact star may be obtained.

The properties of the stars are strongly influenced by the magnitude of the magnetic field
in their interior and the characteristics of the hadronic EOS become less important the larger
the field is. It is also clear that a quark phase is not favoured if a strong magnetic field exists in
the interior of the star. This conclusion is based on the Gibbs construction of the mixed phase.

14

we have the EoS, the “c” line is the causal limit, and on the right the TOV solution,
where the hatched area is the uncertainty in the mass of the Demorest pulsar [3].
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Figure 3: (Left) EoS for the four cases discussed in the text. (Right) The same for
the TOV solutions.

We see that the harder the EoS, the more massive is the neutron star produced.We
also see that although the SU(6) parametrization cannot reproduce the Demorest
pulsar for a weak magnetic field, if it is a magnetar with strong magnetic field, that
parametrization is able to predict it. We also may wonder what is the lowest possible
mass in such a way that the strangeness fraction has a considerable value, let’s says
5%. These results are shown in Table 2, where we see that no neutron star with mass
below 1.65 M! has a significant strangeness fraction in its composition.

We conclude our work noting that the SU(6) not only predicts less massive pulsars,
but also less dense ones. The opposite is found when we use the GM3 parametrization
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•  Lagrangian density of a fermion system in the presence of a magnetic field 

    where                                     
    and the field strength tensor of the electromagnetic field is  
• In flat space, the Canonical energy momentum tensor

   is the conserved Noether current associated with the symmetry of space-time translations.
• this is neither symmetric nor gauge-invariant, hence unsuitable as source of Einstein 
equations
• The energy-momentum tensor can be written in a symmetrized and gauge invariant form 
( Belinfante-Rosenfeld tensor ) 

Notes on energy-momentum tensor with magnetization
Debarati Chatterjee, Jérôme Novak, and Micaela Oertel

In order to stay consistent with the conventions of the code, we have to use the signature (−1, 1, 1, 1)

for the metric in all cases. Since, however, my notes on the microscopic part have been taken with the

opposite signature, I will let them as they are and only convert the final result. If needed, of course

all the equations can be easily transformed.

1 Energy-momentum tensor for a fermion field coupled to a (clas-
sical) electromagnetic field

Within this section, we are dealing with microscopic derivations. The relevant scales are such that

the metric can be assumed as (locally) flat, i.e. we are working here with the Minkowski metric. Let

us start with the Lagrangian, including the minimal substitution,

L = ψ̄(x)(Dµγµ −m)ψ(x)− 1

16π
FµνF

µν , (1)

where Dµ = i∂µ− eAµ and Fµν = ∂µAν − ∂νAµ, the field strength tensor of the electromagnetic field.

There are several ways to derive an energy-momentum tensor from the Lagrangian:

• The canonical energy-momentum tensor, derived from the invariance of the Lagrangian with

respect to translations in space and time. It is the conserved Noether current associated with

the symmetry of space-time translations. It can be calculated from

Θµν
=

�

ϕ

∂L
∂(∂µϕ)

∂νϕ− gµνL , (2)

where the sum over ϕ indicates here the sum over all fields involved in the Lagrangian. In our

case this gives

Θµν
=

i

2
(ψ̄γµ∂νψ − (∂νψ̄)γµψ)− Fµ

ρ ∂νAρ − gµνL . (3)

With the help of the Euler-Lagrange equations for the fermion fields,

((i∂µ − eAµ
)γµ −m)ψ = 0 , (4)

and the electromagnetic field

− 1

4π
∂αFαβ

+ eψ̄γβψ = 0 . (5)

it is easy to show that the divergence of Θµν indeed vanishes, i.e. ∂µΘµν = 0. We can define the

charged current from the Maxwell equation

∂αFαβ
= 4πjβ

q (6)

as

jβ
q = eψ̄γβψ . (7)

The canonical energy-momentum tensor is neither symmetric nor gauge invariant.
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1

matter field
• The Belinfante-Rosenfeld tensor [2, 1] is a symmetrized and gauge invariant formulation of

the canonical energy-momentum tensor. The idea is that we can add a function ∂αBαµν
with

Bαµν
= −Bµαν

to the canonical tensor without changing the divergence such that

Tµν
= Θµν

+ ∂αBαµν
(8)

is symmetric, gauge invariant and divergence free. For the fermion field the Belinfante correction

can be chosen as

Bαµν
f =

1

8
ψ̄ ({γα, σµν}+ {γµ, σνα}− {γν , σαµ}) ψ , (9)

and for the electromagnetic one

Bαµν
EM = −FαµAν . (10)

leading to the following Belinfante-Rosenfeld tensor

Tµν
=

1

4π
(FµαF ν

α + gµν 1

4
FαβFαβ

) +
1

2
ψ̄(γµDν

+ γνDµ
)ψ . (11)

• The Einstein-Hilbert energy-momentum tensor is the tensor appearing as source of the Einstein

equations. It is obtained by requiring that the action,

S =

�
L
√
−gd4x (12)

is invariant with respect to variations of the metric. This leads to

τµν
=

−2√
−g

δ

δgµν
(
√
−gL) . (13)

In flat space τµν
= Tµν

.

2 Thermodynamic average

We are interested in studying the structure of a star on macroscopic length scales. We will thus take

the thermodynamic average of the microscopic energy-momentum tensor, Eq. (11). We will assume in

the following derivations that the electromagnetic fields are constant over the averiging volume. The

thermal average of τµν
can then be written as [3]

�τµν� =
1

βV

1

Z

�
DψDψ̄

� β

0
dλ

�
d3xτµν

exp(S̃) , (14)

where the partition function is given by

Z =

�
DψDψ̄ exp(S̃) , (15)

and the action is

S̃ =

� β

0
dλ

�
d3x(L(λ, xi

)−
�

µin̂i) . (16)

β = 1/T is the inverse temperature, λ = ix0
, and the sum over

�
µin̂i has to be introduced in

grand canonical treatment to guarantuee average particle number conservation corresponding to good

2

 microscopic energy momentum tensor

matterfield

L. Rosenfeld, Acad. Roy. Belg. , Memoires de classes de Science 18 (1940),
 F.J. Belinfante, Physica 7 (1940), 449.
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thermodynamic average of
 energy momentum tensor

 
•  thermodynamic average of the microscopic energy-momentum tensor in the statistical ensemble

 where the partition function is 
 and S is the action.

• thermal average of the energy-momentum tensor is given by
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the following derivations that the electromagnetic fields are constant over the averiging volume. The

thermal average of τµν
can then be written as [3]

�τµν� =
1

βV

1

Z

�
DψDψ̄

� β

0
dλ

�
d3xτµν

exp(S̃) , (14)

where the partition function is given by

Z =

�
DψDψ̄ exp(S̃) , (15)

and the action is

S̃ =

� β

0
dλ

�
d3x(L(λ, xi

)−
�

µin̂i) . (16)

β = 1/T is the inverse temperature, λ = ix0
, and the sum over

�
µin̂i has to be introduced in

grand canonical treatment to guarantuee average particle number conservation corresponding to good

2

The total energy density and pressure of the system can be obtained by computing the
energy-momentum tensor from the Lagrangian density (1). The result is

T µν = T µν
m + T µν

f , (11)

where the matter part is given by

T µν
m = εmu

µuν − P (gµν − uµuν) +
1

2
(MµλF ν

λ +MνλF µ
λ ), (12)

with εm being the matter energy density, P - the thermodynamic pressure, Mµν - the
magnetization tensor. The field part of the energy-momentum tensor is given by

T µν
f = −

1

4π
F µλF ν

λ +
1

16π
gµνF ρσFρσ. (13)

In the following we will neglect the electric field, as there are no macroscopic charges in the
bulk matter. Therefore, Eqs. (12) and (13) reduce, respectively, to [52, 67]

T µν
m = εmu

µuν − P (gµν − uµuν) +MB

(

gµν − uµuν +
BµBν

B2

)

, (14)

T µν
f =

B2

4π

(

uµuν −
1

2
gµν

)

−
BµBν

4π
, (15)

with BµBµ = −B2 and M being the magnetization per unit volume.
In the presence of the magnetic field, the motion of the charged particles is Landau

quantized in the direction perpendicular to the magnetic field. We choose the coordinate
axes in such a way that B is along z-axis. Then, the single particle energy of any charged
particle at n-th Landau level is given by

En =
√

p2z +m2 + 2ne|Q|B, (16)

where m is the mass of the particle, pz is the component of momentum along z direction.
The Landau levels in Eq. (16) assume integer values n = 0, 1, 2... for spin-up states and
n = 1, 2, 3... for spin-down states for positively charged particles. For negatively charged
particles n takes on values n = 0, 1, 2, ... for the spin-down states and n = 1, 2, 3... for spin-up
states. The zero-temperature number density of charged baryons and leptons is given by

nC =
e|Q|B

2π2

nmax
∑

n=0

(2− δn,0)
√

p2F − 2ne|Q|B, (17)

with

nmax = Int

(

p2F
2e|Q|B

)

, (18)

where pF is the Fermi momentum. At zero temperature the number density of neutral
baryons is expressed via their Fermi momentum as

nN =
p3F
3π2

. (19)
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fluid rest frame

 
•  In the rest frame of the hadronic fluid, with B field along the z axis, the matter and field parts of the 
energy-stress tensor are given by

•  In the literature, components of the energy-momentum tensor are defined as

total energy density 

total “longitudinal” and “transverse” pressure

We now account for the fact that the matter in compact stars is charge neutral and in beta
equilibrium. The first requirement relates the partial densities of charged particles according
to

np + nΣ+ = nΣ− + nΞ− + ne + nµ. (27)

Equilibrium with respect to weak interactions further implies the following relations

µp = µn − µe, µµ = µe, µΛ = µn, µΣ− = µn + µe,

µΣ0 = µn, µΣ+ = µp, µΞ− = µn + µe, µΞ0 = µn. (28)

These conditions are normalized such that the total number of baryons is reproduced, i.e.,

nb =
∑

B

nB. (29)

The solutions of the field equations at any given baryon density nB and zero temperature
are found in the mean-field approximation under the constraints (27), (28), and (29). Sub-
sequently, the energy density and the thermodynamic pressure of the matter are obtained
using Eqs. (24) and (26).

In the rest frame of the hadronic fluid, with B field along the z axis, the matter and field
parts of the energy-stress tensor are given, respectively, by

T µν
m =









εm 0 0 0
0 P −MB 0 0
0 0 P −MB 0
0 0 0 P









, (30)

T µν
f =

B2

8π









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









. (31)

The total energy density of the system is given by the sum of the matter and field contri-
butions

ε = εm +
B2

8π
. (32)

It is seen from Eqs. (30) and (31) that the the pressure in the perpendicular direction to
the magnetic field is

P⊥ = P −MB +
B2

8π
, (33)

and the pressure in the direction parallel to the magnetic field is given by

P‖ = P −
B2

8π
. (34)

The couplings in the hypernuclear Lagrangian are fixed as follows. In the nucleonic sector
the nucleon-meson coupling constants are chosen according to Refs. [9, 62–64] and reproduce
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• Magnetisation negligible 
• de Haas-van Alphen oscillations

• effects of Landau quantization become noticeable only 
for fields of ~ 1019G.

magnetic field dependent equation of state

4 D. Chatterjee, T. Elghozi, J. Novak and M. Oertel

2.2 Equation of state

The evaluation of the matter pressure and energy density
(EoS) for different models of neutron star matter in the
presence of a magnetic field can be found in many papers in
the (recent) literature, see e.g. Noronha & Shovkovy (2007);
Rabhi et al. (2008); Ferrer et al. (2010); Rabhi & Providen-
cia (2011); Strickland et al. (2012); Sinha et al. (2013). Basi-
cally, charged particles become Landau quantized (Landau
& Lifshitz (1960)) in the plane perpendicular to the mag-
netic field. For our numerical applications, we will employ
the quark model in the MCFL phase to describe the neu-
tron star interior. Let us now briefly summarise the main
characteristics of this model.

The effect of a strong magnetic field on quark mat-
ter was extensively studied earlier by many authors, see
e.g. Gatto & Ruggieri (2013); Ferrer & de la Incera (2013)
and references therein. Here, we employ a simple massless
three-flavor MIT bag model, supplemented with a pairing
interaction of NJL-type to include the possibility of colour
superconductivity in the colour-flavor locked state similar
to the model in Noronha & Shovkovy (2007); Paulucci et al.
(2011),

Lpairing = −GP

4

3
∑

η=1

(ψ̄PηCψ̄T )(ψTCP̄ηψ) , (15)

where C = iγ2γ0 is the charge conjugation matrix. The
quark spinors ψα

a carry colour a = (1, 2, 3) and flavour
α = (s, d, u) indices. P̄η = γ0P †

ηγ
0, and the considered pair-

ing matrix is given by (Pη)
ab
αβ = iγ5εabηεαβη, i.e. we only

take pairing in antisymmetric channels into account. Fol-
lowing the same scheme as in Noronha & Shovkovy (2007),
we computed the EoS of quark matter in the MCFL phase,
using GP = 5.15 GeV−2,Λ = 1 GeV and a bag constant
Bbag = 60 MeV/fm3.

The EoS for different constant magnetic field values is
displayed in Fig. (1). The effect of the magnetic field starts
to become significant only at very large fields (B ! 1019 G).
The observed oscillations are due to the de Haas-van Alphen
oscillations, pointed out already in Noronha & Shovkovy
(2007).

The quantity x, corresponding in the FRF to the mag-
netisation divided by the magnetic field is shown in Fig. (2)
for two different values of baryon number chemical poten-
tial. The values are in agreement with Fig. 2 of Noronha &
Shovkovy (2007). It is obvious that the magnetisation in this
model is too small for reasonable values of the magnetic field
reachable in magnetars, to induce any considerable change
in the neutron star structure. This will be confirmed by the
numerical results in Section 4.

3 GLOBAL MODELS IN THE STATIONARY

AND AXISYMMETRIC CASE

In order to explore the effects of the inclusion of the magnetic
field onto the neutron star structure and properties, we have
numerically computed, within the framework of general rel-
ativity, complete models of rotating neutron stars endowed
with a magnetic field. In this section, we present the phys-
ical model built to obtain the global models and the equa-
tions that are solved. Note that, in this section, Latin letters
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Figure 1. EoS of quark matter in MCFL phase for different
magnetic fields
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Figure 2. Magnetisation divided by magnetic field as a function
of magnetic field strength in the MCFL phase.

i, j, . . . are used for spatial indices only, whereas Greek ones
α, µ, . . . denote the spacetime indices.

Within the theory of general relativity for the gravi-
tational field, we follow the approach by Bonazzola et al.
(1993) and make the assumption of a stationary, axisym-
metric spacetime, in which the matter content (the energy-
momentum tensor) fulfils the circularity condition. The line
element expressed in spherical-like coordinates then reads:

ds2 = −N2 dt2 +B2r2 sin2 θ (dϕ−Nϕ dt)2

+A2 (dr2 + r2 dθ2
)

, (16)

where N,Nϕ, A and B are functions of coordinates (r, θ).

3.1 Maxwell equations

In the same way as in Bocquet et al. (1995) we consider here
that the electromagnetic field originates from free currents,
noted hereafter simply jσ, which are a priori independent
from the movements of inert mass (with 4-velocity uµ). This
is a limiting assumption in our model, and one should in
principle use a microscopic model to derive a distribution for
the free currents, too. However, such a model would require a
multi-fluid approach to model the movements of free protons
and electrons, and we leave it for a future study.

Under the symmetries defined in our model (see begin-
ning of Section 3.2) the four-potential Aµ, entering in the
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ning of Section 3.2) the four-potential Aµ, entering in the

c© 2014 RAS, MNRAS 000, 1–12

•  Example: Quark Matter in MCFL phase        (Noronha and Shovkovy 2007, Paulucci et al. 2011)
• massless 3-flavor MIT Bag model (with B = 60 MeV/fm3) + Pairing interaction of NJL-type

D. C., T. Elghozi, M. Oertel, J. Novak,  arXiv:1410.6332
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•  The structure equations of neutron stars are obtained by solving Einstein’s field 
equations
•  In the 3+1 Formalism, solving the Einstein’s equations (system of 2nd order PDEs) 
are reduced to integration of a system of coupled 1st order PDEs subject to certain 
conditions:

-  6 evolution equations for the extrinsic curvature
-  1 Hamiltonian constraint equation
-  3 momentum constraint equations
•  The formulation has been employed to construct a numerical code (LORENE) 
using spectral methods                                      Langage Objet pour la RElativité NumériquE  

•The code has been extended to include coupled Einstein-Maxwell equations 
describing rapidly rotating neutron stars with a magnetic field

Bonazzolla, Gourgoulhon, Salgado, Marck (1993)

Bocquet, Bonazzola, Gourgoulhon, Novak (1995)

numerical resolution
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magnetostatic equilibrium
(without magnetisation)

 

• Equations for magnetostatic equilibrium (from the conservation of energy and momentum):

• Inhomogeneous Maxwell equations:

• Einstein-Maxwell equations  

• first integral of fluid stationary motion (momentum conservation) :

• In terms of enthalpy per baryon for neutron star

and 

the electromagnetic term associated with the Lorentz force

44 Einstein equations for rotating stars

3.4.1 Equation of motion at zero temperature

We consider a perfect fluid at zero temperature, which is a very good approximation for a
neutron star, except immediately after its birth. The case of finite temperature has been treated
by Goussard, Haensel & Zdunik (1997) [51]. The energy-momentum tensor has the form (1.37)
and, thanks to the zero temperature hypothesis, the equation of state (EOS) can be written as

ε = ε(nb) (3.67)

p = p(nb), (3.68)

where nb is the baryon number density in the fluid frame.
The equations of motion are the energy-momentum conservation law (1.36) :

∇µTαµ = 0 (3.69)

and the baryon number conservation law:

∇µ(nbu
µ) = 0. (3.70)

Inserting the perfect fluid form (1.37) into Eq. (3.69), expanding and projecting orthogonally to
the fluid 4-velocity "u [via the projector ⊥ given by (1.30)], we get the relativistic Euler equation:

(ε+ p)uµ∇µuα + (δµα + uµuα)∇µp = 0. (3.71)

Now the Gibbs-Duhem relation at zero temperature states that

dp = nb dµ, (3.72)

where µ is the baryon chemical potential, µ := dε/dnb. Moreover, thanks to the first law of
Thermodynamics at zero temperature (see e.g. Ref. [45] for details), µ is equal to the enthalpy
per baryon h defined by

h :=
ε+ p

nb
. (3.73)

Thus we may rewrite (3.72) as dp = nb dh, hence

∇αp = nb∇αh.

Accordingly, Eq. (3.71) becomes, after division by nb,

huµ∇µuα + (δµα + uµuα)∇µh = 0,

which can be written in the compact form

uµ∇µ(huα) +∇αh = 0 . (3.74)

Thanks to the properties uµuµ = −1 and uµ∇αuµ = 0 (the latter being a consequence of the
former), Eq. (3.74) can be rewritten in the equivalent form

uµ [∇µ(huα)−∇α(huµ)] = 0 . (3.75)

3 Hydrodynamic equations for the stationary and axisymmetric

case

The hydrodynamic equations can be derived from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT µν = 0 (42)

where ∇µ is now the covariant derivative. Upon projection on the hypersurface Σt, we formally recover
for the fermionic part Eq. (5.8) of Ref. [8].

As mentioned before, for isotropic media, the magnetisation is aligned with the magnetic field and
we can write Mαβ = �αβµνmµuν = xFαβ with the scalar x = (m · b)/(b · b). The inhomogeneous
Maxwell equation (Maxwell-Ampère equation),

∇αF σα = 4πjσ
free +∇αMσα , (43)

can then be transformed to give

∇αF σα =
1

1− x
(4πjσ

free + F σα∇αx) . (44)

Within these equations we have distinguished between a free current and the currents responsable
for the magnetisation, in the lines of the derivation of the macroscopic Maxwell equations from the
microscopic ones in Jackson’s book on electrodynamics. A problem is, however, that in a neutron star
we generally have homogeneous matter and for me it is not completely clear how to define correctly the
free currents. In the present model they will be determined self-consistently from the magnetic field.
They could arise from a charged fluid, i.e. if protons and electrons did not have the same velocity.
Then, in princple the one-fluid model used here is no longer valid and two fluid-velocities should be
introduced. The notion of fluid rest frame then becomes problematic, too. It could arise, too, from a
zero net charge in the FRF, but this seems very problematic with Coulomb energy.

We now obtain
∇αT αβ = ∇αT αβ

f − F βνjf reeν −
x

8π
Fστ∇βF στ . (45)

We can recognize here the usual Lorentz force term, arising from free currents. In the absence of
magnetisation, the expression is the same as in Ref. [8].

I am thus looking for a first integral of the following expression (for rigid rotation Ω is constant)
Jérôme, I suppose that the factor N in 3.25 of Bonazzola et al, factor of everything amd that , as in
Eric’s book, the projection Σt does not give it directly?:

(� + p)
�

1
� + p

∂p

∂xi
+

∂ν

∂xi
− ∂ ln Γ

∂xi

�
− Fiρj

ρ
free −

x

8π
Fµν∇iF

µν = 0 . (46)

The last term can be written in the Eric’s notation with the magnetic field bµ in the FRF as

1
2
Fµν∇αFµν = bµ∇αbµ − bµbµuν∇αuν = b∇αb , (47)

where b2 = b · b = bµbµ.
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought

(ε+ p)

(

1
ε+ p

∂p
∂xi

+
∂ν
∂xi

− ∂ lnΓ
∂xi

)

− Fiρj
ρ
free

− x
2µ0

Fµν∇iF
µν = 0 .(27)

In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field

h = h(nb, b) =
ε+ p
nb

= µb . (28)

Hence we have

∂ lnh
∂xi

=
1
h

(

∂h
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

∂h
∂b

∣

∣

∣

∣

nb

∂b
∂xi

)

. (29)

In addition, the following thermodynamic relations are valid
under the present assumptions

∂h
∂nb

∣

∣

∣

∣

b

=
1
nb

∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy

∂ lnh
∂xi

=
1

ε+ p

[

∂p
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

(

∂p
∂b

∣

∣

∣

∣

nb

−m

)

∂b
∂xi

]

=
1

ε+ p

(

∂p
∂xi

−m
∂b
∂xi

)

. (32)

The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought

(ε+ p)

(

1
ε+ p

∂p
∂xi

+
∂ν
∂xi

− ∂ lnΓ
∂xi

)

− Fiρj
ρ
free

− x
2µ0

Fµν∇iF
µν = 0 .(27)

In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field

h = h(nb, b) =
ε+ p
nb

= µb . (28)

Hence we have

∂ lnh
∂xi

=
1
h

(

∂h
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

∂h
∂b

∣

∣

∣

∣

nb

∂b
∂xi

)

. (29)

In addition, the following thermodynamic relations are valid
under the present assumptions

∂h
∂nb

∣

∣

∣

∣

b

=
1
nb

∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy

∂ lnh
∂xi

=
1

ε+ p

[

∂p
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

(

∂p
∂b

∣

∣

∣

∣

nb

−m

)

∂b
∂xi

]

=
1

ε+ p

(

∂p
∂xi

−m
∂b
∂xi

)

. (32)

The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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3 Hydrodynamic equations for the stationary and axisymmetric

case

The hydrodynamic equations can be derived from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT µν = 0 (42)

where ∇µ is now the covariant derivative. Upon projection on the hypersurface Σt, we formally recover
for the fermionic part Eq. (5.8) of Ref. [8].

As mentioned before, for isotropic media, the magnetisation is aligned with the magnetic field and
we can write Mαβ = �αβµνmµuν = xFαβ with the scalar x = (m · b)/(b · b). The inhomogeneous
Maxwell equation (Maxwell-Ampère equation),

∇αF σα = 4πjσ
free +∇αMσα , (43)

can then be transformed to give

∇αF σα =
1

1− x
(4πjσ

free + F σα∇αx) . (44)

Within these equations we have distinguished between a free current and the currents responsable
for the magnetisation, in the lines of the derivation of the macroscopic Maxwell equations from the
microscopic ones in Jackson’s book on electrodynamics. A problem is, however, that in a neutron star
we generally have homogeneous matter and for me it is not completely clear how to define correctly the
free currents. In the present model they will be determined self-consistently from the magnetic field.
They could arise from a charged fluid, i.e. if protons and electrons did not have the same velocity.
Then, in princple the one-fluid model used here is no longer valid and two fluid-velocities should be
introduced. The notion of fluid rest frame then becomes problematic, too. It could arise, too, from a
zero net charge in the FRF, but this seems very problematic with Coulomb energy.

We now obtain
∇αT αβ = ∇αT αβ

f − F βνjf reeν −
x

8π
Fστ∇βF στ . (45)

We can recognize here the usual Lorentz force term, arising from free currents. In the absence of
magnetisation, the expression is the same as in Ref. [8].

I am thus looking for a first integral of the following expression (for rigid rotation Ω is constant)
Jérôme, I suppose that the factor N in 3.25 of Bonazzola et al, factor of everything amd that , as in
Eric’s book, the projection Σt does not give it directly?:

(� + p)
�

1
� + p

∂p

∂xi
+

∂ν

∂xi
− ∂ ln Γ

∂xi

�
− Fiρj

ρ
free −

x

8π
Fµν∇iF

µν = 0 . (46)

The last term can be written in the Eric’s notation with the magnetic field bµ in the FRF as

1
2
Fµν∇αFµν = bµ∇αbµ − bµbµuν∇αuν = b∇αb , (47)

where b2 = b · b = bµbµ.
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definition of the electromagnetic field tensor Fµν through
Eq. (3), can induce either purely poloidal or purely toroidal
magnetic fields (Frieben & Rezzolla (2012)). Here, we chose
a purely poloidal configuration, meaning in particular that
the four-potential has vanishing components Ar = Aθ = 0.
The electric and magnetic fields measured by the Eulerian
observer (whose four-velocity is nµ) are then defined as
Eµ = Fµν n

ν and Bµ = − 1
2 εµναβ nν Fαβ , with εµναβ the

Levi-Civita tensor associated with the metric (16). The non-
zero components read:

Er =
1
N

(

∂At

∂r
+Nϕ ∂Aϕ

∂r

)

(17a)

Eθ =
1
N

(

∂At

∂θ
+Nϕ ∂Aϕ

∂θ

)

(17b)

Br =
1

Br2 sin θ
∂Aϕ

∂θ
(17c)

Bθ = − 1
B sin θ

∂Aϕ

∂r
(17d)

The homogeneous Maxwell equation F[µν;λ] = 0
(Faraday-Gauss) is automatically fulfilled, when taking the
form in Eq. (3) for the tensor Fµν . The inhomogeneous
Maxwell equation (Gauss-Ampère) in presence of external
magnetic field (∇µ is the covariant derivative associated
with the metric (16)),

1
µ0

∇µF
νµ = jνfree +∇µM

νµ , (18)

can then be transformed to give

∇µF
σµ =

1
1− x

(µ0j
σ
free + Fσµ∇µx) . (19)

This equation can be expressed in terms of the two non-
vanishing components of Aµ, with the Maxwell-Gauss equa-
tion

∆3At =
1

x− 1
×

[

µ0A
2 (gttj

t
free + gtϕj

ϕ
free

)

+ ∂At ∂x
]

−B2

N2
Nϕr2 sin2 θ∂At ∂N

ϕ

−
(

1 +
B2

N2
r2 sin2 θ (Nϕ)2

)

∂Aϕ ∂Nϕ

− (∂At + 2Nϕ∂Aϕ) ∂ (β − ν)

−2
Nϕ

r

(

∂Aϕ

∂r
+

1
r tan θ

∂Aϕ

∂θ

)

, (20)

and the Maxwell-Ampère equation

∆̃3

(

Aϕ

r sin θ

)

=
1

x− 1
×

[

µ0A
2B2 (jϕfree −Nϕjtfree

)

r sin θ

+
1

r sin θ
∂Aϕ ∂x

]

+
B2

N2
r sin θ ∂Nϕ (∂At +Nϕ∂Aϕ)

+
1

r sin θ
∂Aϕ ∂ (β − ν) , (21)

with the following notations:

ν = lnN, α = lnA, β = lnB,

∆2 =
∂2

∂r2
+

1
r

∂
∂r

+
1
r2

∂2

∂θ2

∆3 =
∂2

∂r2
+

2
r

∂
∂r

+
1
r2

∂2

∂θ2
+

1
r2 tan θ

∂
∂θ

∆̃3 = ∆3 −
1

r2 sin2 θ

∂a ∂b =
∂a
∂r

∂b
∂r

+
1
r2

∂a
∂θ

∂b
∂θ

.

In the case without magnetisation, (x = 0), Eqs. (6) and (7)
of Bocquet et al. (1995) are recovered.

3.2 Einstein equations and energy-momentum

tensor

Under the present assumptions of a stationary, axisymmet-
ric spacetime, the Einstein equations result in a set of four
elliptic partial differential equations for the metric potentials
defined in Eq. (16):

∆3ν = 4πGA2
(

E + Si
i

)

+
B2r2 sin2 θ

2N2
(∂Nϕ)2

−∂ν ∂(ν + β) (22a)

∆̃3 (N
ϕr sin θ) = −16πG

NA2

B
Jϕ

r sin θ
−r sin θ ∂Nϕ ∂(3β − ν) (22b)

∆2 [(NB − 1) r sin θ]

= 8πGNA2Br sin θ
(

Sr
r + Sθ

θ

)

(22c)

∆2 (ν + α) = 8πGA2Sϕ
ϕ +

3B2r2 sin2 θ
4N2

(∂Nϕ)2

− (∂ν)2 , (22d)

with the same notations as those introduced in Eqs. (20,21).
Finally, E, Ji, S

i
j are quantities obtained from the so-

called 3+1 decomposition of the energy-momentum tensor
(for definitions, see e.g. Gourgoulhon (2012)). In our case of
Eq. (10) describing a perfect fluid endowed with a magnetic
field, including magnetisation effects, they can be written in
axisymmetric stationary symmetries as:

E = Γ2 (ε+ p)− p

+
1

2µ0

[

(1 + 2x)EiEi +BiBi

]

, (23a)

Jϕ = Γ2 (ε+ p)U

+
1
µ0

[

A2
(

BrEθ − ErBθ
)

+ xBiBiU
]

, (23b)

Sr
r = p+

1
2µ0

(

EθEθ − ErEr +BθBθ −BrBr

+
2x
Γ2

BθBθ

)

, (23c)

Sθ
θ = p+

1
2µ0

(

ErEr − EθEθ +BrBr −BθBθ

+
2x
Γ2

BrBr

)

, (23d)

Sϕ
ϕ = p+ Γ2 (ε+ p)U2 +

1
2µ0

[

EiEi +BiBi

+
2x
Γ2

(

1 + Γ2U2)BiBi

]

, (23e)

all other components of Ji and Si
j being zero. x is the

magnetisation, defined by Eq.(13) and U is the physical fluid
velocity in the ϕ direction, as measured by the Eulerian
observer; it is given by

U =
Br sin θ

N
(Ω−Nϕ) , (24)
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• In the Fluid Rest Frame, assuming perfect conductor, E = 0
• assuming isotropic medium, the magnetisation is aligned with the magnetic field

• Modified inhomogeneous Maxwell equations:
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought

(ε+ p)

(

1
ε+ p

∂p
∂xi

+
∂ν
∂xi

− ∂ lnΓ
∂xi

)

− Fiρj
ρ
free

− x
2µ0

Fµν∇iF
µν = 0 .(27)

In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field

h = h(nb, b) =
ε+ p
nb

= µb . (28)

Hence we have

∂ lnh
∂xi

=
1
h

(

∂h
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

∂h
∂b

∣

∣

∣

∣

nb

∂b
∂xi

)

. (29)

In addition, the following thermodynamic relations are valid
under the present assumptions

∂h
∂nb

∣

∣

∣

∣

b

=
1
nb

∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy

∂ lnh
∂xi

=
1

ε+ p

[

∂p
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

(

∂p
∂b

∣

∣

∣

∣

nb

−m

)

∂b
∂xi

]

=
1

ε+ p

(

∂p
∂xi

−m
∂b
∂xi

)

. (32)

The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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In order to obtain a first integral, let us have a look at the enthalpy per baryon and its derivatives.
For the neutron star case, with magnetic field, beta equilibrium and zero temperature, we have

h = h(nb, b) =
ε + p

nb
= µb . (48)

Note that we have assumed zero net charge in the last step. It would be interesting to see whether the
Lorentz force term can be included automatically in the first integral if a nonzero net charge together
with the corresponding current is assumed.

We now have
∂ lnh

∂xi
=

1
h

�
∂h

∂nb

����
b

∂nb

∂xi
+

∂h

∂b

����
nb

∂b

∂xi

�
. (49)

In addition, the following thermodynamic relations are valid under the present assumptions

∂h

∂nb

����
b

=
1
nb

∂p

∂nb
(50)

−4π
∂Ω
∂b

����
µb

= M = −4π
∂ε

∂b

����
nb

. (51)

Thus

∂ lnh

∂xi
=

1
ε + p

�
∂p

∂nb

����
b

∂nb

∂xi
+ (

∂p

∂b

����
nb

− 1
4π

M)
∂b

∂xi

�

=
1

ε + p

�
∂p

∂xi
− 1

4π
M

∂b

∂xi

�
. (52)

It remains thus to show that x b = M . This can be done by looking at the definition of the magneti-
sation tensor, Eq. (37), and evaluating it in the fluid rest frame. From its properties, see above, we
can decompose it as (see Eric’s notes, too)

Mαβ = �αβγδm
γuδ , (53)

where, due to the assumption of isotropic matter, mα is aligned with bα. Without loss of generality,
we can assume that the magnetic field is directed in z-direction. It is then easy to show that

x =
m · b

b · b
=

Mb

b2
= M . (54)

Therefore the logarithm of the enthalpy per baryon represents again a first integral of the fluid equa-
tions. The same current functions as in Bonazzola et al. [8] can be used, only the determination of
the electromagnetic field and the inhomogeneuos Maxwell-Ampère equation, cf Eq. (44), has to be
modified due to the magnetisation with a nonzero value of x.

Some formulae with the electric and the magnetic field as measured by the Eulerian observer,

EI = xEµEµ (55)
pµ,I = x(B · B Uµ − U · B Bµ) (56)

Sµν,I = x

�
hµν((U · B)2 +

(B · B)2

Γ2
) + UµUν(B · B)− BµBν

Γ2
− (U · B)(UµBν + UνBµ)

�
(57)
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definition of the electromagnetic field tensor Fµν through
Eq. (3), can induce either purely poloidal or purely toroidal
magnetic fields (Frieben & Rezzolla (2012)). Here, we chose
a purely poloidal configuration, meaning in particular that
the four-potential has vanishing components Ar = Aθ = 0.
The electric and magnetic fields measured by the Eulerian
observer (whose four-velocity is nµ) are then defined as
Eµ = Fµν n

ν and Bµ = − 1
2 εµναβ nν Fαβ , with εµναβ the

Levi-Civita tensor associated with the metric (16). The non-
zero components read:

Er =
1
N

(

∂At

∂r
+Nϕ ∂Aϕ

∂r

)

(17a)

Eθ =
1
N

(

∂At

∂θ
+Nϕ ∂Aϕ

∂θ

)

(17b)

Br =
1

Br2 sin θ
∂Aϕ

∂θ
(17c)

Bθ = − 1
B sin θ

∂Aϕ

∂r
(17d)

The homogeneous Maxwell equation F[µν;λ] = 0
(Faraday-Gauss) is automatically fulfilled, when taking the
form in Eq. (3) for the tensor Fµν . The inhomogeneous
Maxwell equation (Gauss-Ampère) in presence of external
magnetic field (∇µ is the covariant derivative associated
with the metric (16)),

1
µ0

∇µF
νµ = jνfree +∇µM

νµ , (18)

can then be transformed to give

∇µF
σµ =

1
1− x

(µ0j
σ
free + Fσµ∇µx) . (19)

This equation can be expressed in terms of the two non-
vanishing components of Aµ, with the Maxwell-Gauss equa-
tion

∆3At =
1

x− 1
×

[

µ0A
2 (gttj

t
free + gtϕj

ϕ
free

)

+ ∂At ∂x
]

−B2

N2
Nϕr2 sin2 θ∂At ∂N

ϕ

−
(

1 +
B2

N2
r2 sin2 θ (Nϕ)2

)

∂Aϕ ∂Nϕ

− (∂At + 2Nϕ∂Aϕ) ∂ (β − ν)

−2
Nϕ

r

(

∂Aϕ

∂r
+

1
r tan θ

∂Aϕ

∂θ

)

, (20)

and the Maxwell-Ampère equation

∆̃3

(

Aϕ

r sin θ

)

=
1

x− 1
×

[

µ0A
2B2 (jϕfree −Nϕjtfree

)

r sin θ

+
1

r sin θ
∂Aϕ ∂x

]

+
B2

N2
r sin θ ∂Nϕ (∂At +Nϕ∂Aϕ)

+
1

r sin θ
∂Aϕ ∂ (β − ν) , (21)

with the following notations:

ν = lnN, α = lnA, β = lnB,

∆2 =
∂2

∂r2
+

1
r

∂
∂r

+
1
r2

∂2

∂θ2

∆3 =
∂2

∂r2
+

2
r

∂
∂r

+
1
r2

∂2

∂θ2
+

1
r2 tan θ

∂
∂θ

∆̃3 = ∆3 −
1

r2 sin2 θ

∂a ∂b =
∂a
∂r

∂b
∂r

+
1
r2

∂a
∂θ

∂b
∂θ

.

In the case without magnetisation, (x = 0), Eqs. (6) and (7)
of Bocquet et al. (1995) are recovered.

3.2 Einstein equations and energy-momentum

tensor

Under the present assumptions of a stationary, axisymmet-
ric spacetime, the Einstein equations result in a set of four
elliptic partial differential equations for the metric potentials
defined in Eq. (16):

∆3ν = 4πGA2
(

E + Si
i

)

+
B2r2 sin2 θ

2N2
(∂Nϕ)2

−∂ν ∂(ν + β) (22a)

∆̃3 (N
ϕr sin θ) = −16πG

NA2

B
Jϕ

r sin θ
−r sin θ ∂Nϕ ∂(3β − ν) (22b)

∆2 [(NB − 1) r sin θ]

= 8πGNA2Br sin θ
(

Sr
r + Sθ

θ

)

(22c)

∆2 (ν + α) = 8πGA2Sϕ
ϕ +

3B2r2 sin2 θ
4N2

(∂Nϕ)2

− (∂ν)2 , (22d)

with the same notations as those introduced in Eqs. (20,21).
Finally, E, Ji, S

i
j are quantities obtained from the so-

called 3+1 decomposition of the energy-momentum tensor
(for definitions, see e.g. Gourgoulhon (2012)). In our case of
Eq. (10) describing a perfect fluid endowed with a magnetic
field, including magnetisation effects, they can be written in
axisymmetric stationary symmetries as:

E = Γ2 (ε+ p)− p

+
1

2µ0

[

(1 + 2x)EiEi +BiBi

]

, (23a)

Jϕ = Γ2 (ε+ p)U

+
1
µ0

[

A2
(

BrEθ − ErBθ
)

+ xBiBiU
]

, (23b)

Sr
r = p+

1
2µ0

(

EθEθ − ErEr +BθBθ −BrBr

+
2x
Γ2

BθBθ

)

, (23c)

Sθ
θ = p+

1
2µ0

(

ErEr − EθEθ +BrBr −BθBθ

+
2x
Γ2

BrBr

)

, (23d)

Sϕ
ϕ = p+ Γ2 (ε+ p)U2 +

1
2µ0

[

EiEi +BiBi

+
2x
Γ2

(

1 + Γ2U2)BiBi

]

, (23e)

all other components of Ji and Si
j being zero. x is the

magnetisation, defined by Eq.(13) and U is the physical fluid
velocity in the ϕ direction, as measured by the Eulerian
observer; it is given by

U =
Br sin θ

N
(Ω−Nϕ) , (24)

c© 2014 RAS, MNRAS 000, 1–12

Magnetic field effects in neutron stars 3

equivalent to the Einstein-Hilbert energy-momentum tensor.
In our case of a fermion field coupled to an electromagnetic
field it is given by

Tµν = − 1
µ0

FµαF ν
α +

1
2
ψ̄(γµDν + γνDµ)ψ + gµνL . (6)

The first term represents the well-known contribution of the
electromagnetic field and the second term, arising from the
fermion field, agrees with Eq. (36) in Ferrer et al. (2010)
showing that indeed both ways to evaluate the energy-
momentum tensor are equivalent.

Since we are interested in studying the structure of
a star on macroscopic length scales, we need to calcu-
late the thermodynamic average of the microscopic energy-
momentum tensor, Eq. (6). It is assumed in the following
derivations that the electromagnetic fields are constant over
the averaging volume. The thermal average of Tµν can then
be written as, see Kapusta (1994),

〈Tµν〉 = 1
βV

1
Z

∫

DψDψ̄ exp(S̃)

∫ β

0

dλ

∫

d3xTµν , (7)

where the partition function is given by

Z =

∫

DψDψ̄ exp(S̃) , (8)

and the action is

S̃ =

∫ β

0

dλ

∫

d3x(L(λ, xi)− µn̂) . (9)

β = 1/T is the inverse temperature, λ = ix0, and the term
µn̂ has to be introduced in grand canonical treatment to
guarantee average particle number conservation. The num-
ber density operator is n̂ = −iψ̄γ0Q̂ψ, where the operator Q̂
associates the number density of the particle species a with
its charge Qa. µ represents the associated chemical poten-
tial.

The thermal average of the energy-momentum tensor is
then given by (see Appendix A for details of the calculations)

〈Tµν〉 = (ε+ p) uµuν + p gµν

+
1
2
(F ν

τM
τµ + Fµ

τM
τν)

− 1
µ0

(FµαF ν
α +

gµν

4
FαβF

αβ) . (10)

The first two terms on the right hand side can be identified
as the pure (perfect fluid) fermionic contribution, followed
by the magnetisation term and finally the usual electromag-
netic field contributions to the energy-momentum tensor.
The magnetisation tensor Mµν is thereby defined as usual
as the derivative of the grand canonical potential with re-
spect to the electromagnetic field tensor, see Eq. (A11a) and
Eq. (12). The same form for the energy-momentum tensor1

has been given in the context of special relativistic hydrody-
namics in ? and for the case of a perfect fluid + the electro-
magnetic field the above expression agrees with Bonazzola
et al. (1993). From now on we will drop the brackets indi-
cating the thermal average for better readability.

In the fluid rest frame (FRF), assuming a perfect con-
ductor, the electric field vanishes and only the magnetic field

1 Note, however, the different metric convention.

bµ is nonzero. The electromagnetic field tensor can then be
expressed in terms of bµ as (Gourgoulhon (2012))

Fµν = εαβµνu
βbα (11)

with the Levi-Civita tensor ε, associated here with the
Minkowski metric. The above expression, Eq. (11), is, how-
ever, more general and can be employed with any metric.
If we assume in addition, that the medium is isotropic and
that the magnetisation is parallel to the magnetic field, the
magnetisation tensor can be written as

Mµν = εαβµνu
βmα (12)

with the magnetisation four-vector

mµ =
x
µ0

bµ . (13)

As we shall see, the dependence of the different equations
on the magnetisation can now be reduced to a dependence
on the scalar quantity x, which can conveniently be com-
puted in the FRF. First, the energy-momentum tensor can
be rewritten in the following way

Tµν = (ε+ p) uµuν + p gµν

+
1
µ0

(

−bµbν + (b · b)uµuν +
1
2
gµν(b · b)

)

+
x
µ0

(bµbν − (b · b)(uµuν + gµν)) . (14)

It is obvious that for a magnetic field pointing in z-direction
this expression reduces to the well-known form with mag-
netisation, see e.g. Ferrer et al. (2010). Neglecting the effect
of magnetisation, i.e. taking x = 0, it agrees with the stan-
dard MHD form, see e.g. Gourgoulhon (2012).

As already pointed out e.g. by Potekhin & Yakovlev
(2012), there has been some confusion in the literature about
pressure anisotropy in the presence of a magnetic field. From
the above derivations it is clear that the magnetic field does
not induce any anisotropy to the matter pressure defined
thermodynamically as a derivative of the partition func-
tion. It transforms as a scalar. The energy-momentum ten-
sor, however, shows anisotropies. If the spatial elements of
the FRF energy-momentum tensor are interpreted as pres-
sures, then there is a difference induced by the orientation
of the magnetic field. Often the different elements are called
perpendicular and parallel pressures, but they do not corre-
spond to the thermodynamic pressure. Let us stress that this
anisotropy of the energy-momentum tensor does not arise
only from the magnetic field dependence of the EoS and the
magnetisation contribution, but that it is inherent already
to the purely electromagnetic energy-momentum tensor.

Blandford & Hernquist (1982) (see Potekhin &
Yakovlev (2012), too) claim in addition that the magneti-
sation contribution to the energy-momentum tensor is can-
celled by the Lorentz force associated with magnetisation.
We shall see in Section 3.3 that upon deriving the hydrody-
namic equations of motion for the system, this is indeed the
case and that the system’s equilibrium depends only on p, ε
and the electromagnetic field. We prefer, however, to keep
the energy-momentum tensor in its natural form, Eq. (10),
including the magnetisation, and add the Lorentz force to
the equilibrium equations via Maxwell equations, since we
think that the physical origin of the different contributions
is presented in a clearer way.
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and the electromagnetic field. We prefer, however, to keep
the energy-momentum tensor in its natural form, Eq. (10),
including the magnetisation, and add the Lorentz force to
the equilibrium equations via Maxwell equations, since we
think that the physical origin of the different contributions
is presented in a clearer way.
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equivalent to the Einstein-Hilbert energy-momentum tensor.
In our case of a fermion field coupled to an electromagnetic
field it is given by

Tµν = − 1
µ0

FµαF ν
α +

1
2
ψ̄(γµDν + γνDµ)ψ + gµνL . (6)
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electromagnetic field and the second term, arising from the
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momentum tensor are equivalent.

Since we are interested in studying the structure of
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momentum tensor, Eq. (6). It is assumed in the following
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〈Tµν〉 = 1
βV

1
Z

∫

DψDψ̄ exp(S̃)

∫ β

0

dλ

∫

d3xTµν , (7)

where the partition function is given by

Z =

∫

DψDψ̄ exp(S̃) , (8)
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∫ β

0

dλ
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ber density operator is n̂ = −iψ̄γ0Q̂ψ, where the operator Q̂
associates the number density of the particle species a with
its charge Qa. µ represents the associated chemical poten-
tial.

The thermal average of the energy-momentum tensor is
then given by (see Appendix A for details of the calculations)

〈Tµν〉 = (ε+ p) uµuν + p gµν

+
1
2
(F ν

τM
τµ + Fµ

τM
τν)

− 1
µ0

(FµαF ν
α +

gµν

4
FαβF

αβ) . (10)

The first two terms on the right hand side can be identified
as the pure (perfect fluid) fermionic contribution, followed
by the magnetisation term and finally the usual electromag-
netic field contributions to the energy-momentum tensor.
The magnetisation tensor Mµν is thereby defined as usual
as the derivative of the grand canonical potential with re-
spect to the electromagnetic field tensor, see Eq. (A11a) and
Eq. (12). The same form for the energy-momentum tensor1

has been given in the context of special relativistic hydrody-
namics in ? and for the case of a perfect fluid + the electro-
magnetic field the above expression agrees with Bonazzola
et al. (1993). From now on we will drop the brackets indi-
cating the thermal average for better readability.

In the fluid rest frame (FRF), assuming a perfect con-
ductor, the electric field vanishes and only the magnetic field

1 Note, however, the different metric convention.

bµ is nonzero. The electromagnetic field tensor can then be
expressed in terms of bµ as (Gourgoulhon (2012))

Fµν = εαβµνu
βbα (11)

with the Levi-Civita tensor ε, associated here with the
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ever, more general and can be employed with any metric.
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that the magnetisation is parallel to the magnetic field, the
magnetisation tensor can be written as
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βmα (12)
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mµ =
x
µ0

bµ . (13)
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Tµν = (ε+ p) uµuν + p gµν

+
1
µ0

(
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1
2
gµν(b · b)

)

+
x
µ0

(bµbν − (b · b)(uµuν + gµν)) . (14)
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this expression reduces to the well-known form with mag-
netisation, see e.g. Ferrer et al. (2010). Neglecting the effect
of magnetisation, i.e. taking x = 0, it agrees with the stan-
dard MHD form, see e.g. Gourgoulhon (2012).

As already pointed out e.g. by Potekhin & Yakovlev
(2012), there has been some confusion in the literature about
pressure anisotropy in the presence of a magnetic field. From
the above derivations it is clear that the magnetic field does
not induce any anisotropy to the matter pressure defined
thermodynamically as a derivative of the partition func-
tion. It transforms as a scalar. The energy-momentum ten-
sor, however, shows anisotropies. If the spatial elements of
the FRF energy-momentum tensor are interpreted as pres-
sures, then there is a difference induced by the orientation
of the magnetic field. Often the different elements are called
perpendicular and parallel pressures, but they do not corre-
spond to the thermodynamic pressure. Let us stress that this
anisotropy of the energy-momentum tensor does not arise
only from the magnetic field dependence of the EoS and the
magnetisation contribution, but that it is inherent already
to the purely electromagnetic energy-momentum tensor.

Blandford & Hernquist (1982) (see Potekhin &
Yakovlev (2012), too) claim in addition that the magneti-
sation contribution to the energy-momentum tensor is can-
celled by the Lorentz force associated with magnetisation.
We shall see in Section 3.3 that upon deriving the hydrody-
namic equations of motion for the system, this is indeed the
case and that the system’s equilibrium depends only on p, ε
and the electromagnetic field. We prefer, however, to keep
the energy-momentum tensor in its natural form, Eq. (10),
including the magnetisation, and add the Lorentz force to
the equilibrium equations via Maxwell equations, since we
think that the physical origin of the different contributions
is presented in a clearer way.
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought

(ε+ p)

(

1
ε+ p

∂p
∂xi

+
∂ν
∂xi

− ∂ lnΓ
∂xi

)

− Fiρj
ρ
free

− x
2µ0

Fµν∇iF
µν = 0 .(27)

In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field

h = h(nb, b) =
ε+ p
nb

= µb . (28)

Hence we have

∂ lnh
∂xi

=
1
h

(

∂h
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

∂h
∂b

∣

∣

∣

∣

nb

∂b
∂xi

)

. (29)

In addition, the following thermodynamic relations are valid
under the present assumptions

∂h
∂nb

∣

∣

∣

∣

b

=
1
nb

∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy

∂ lnh
∂xi

=
1

ε+ p

[

∂p
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

(

∂p
∂b

∣

∣

∣

∣

nb

−m

)

∂b
∂xi

]

=
1

ε+ p

(

∂p
∂xi

−m
∂b
∂xi

)

. (32)

The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought

(ε+ p)

(

1
ε+ p

∂p
∂xi

+
∂ν
∂xi

− ∂ lnΓ
∂xi

)

− Fiρj
ρ
free

− x
2µ0

Fµν∇iF
µν = 0 .(27)

In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field

h = h(nb, b) =
ε+ p
nb

= µb . (28)

Hence we have

∂ lnh
∂xi

=
1
h

(

∂h
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

∂h
∂b

∣

∣

∣

∣

nb

∂b
∂xi

)

. (29)

In addition, the following thermodynamic relations are valid
under the present assumptions

∂h
∂nb

∣

∣

∣

∣

b

=
1
nb

∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy

∂ lnh
∂xi

=
1

ε+ p

[

∂p
∂nb

∣

∣

∣

∣

b

∂nb

∂xi
+

(

∂p
∂b

∣

∣

∣

∣

nb

−m

)

∂b
∂xi

]

=
1

ε+ p

(

∂p
∂xi

−m
∂b
∂xi

)

. (32)

The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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with Ω = uϕ/ut being the fluid coordinate angular velocity
(gauge independent). The electric (Ei) and magnetic (Bi)
fields have been defined in Section 3.1.

3.3 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived
from the conservation of energy and momentum, expressed
as vanishing divergence of the energy-momentum tensor:

∇µT
µν = 0. (25)

This can be detailed as :

∇µT
αβ = ∇αT

αβ
f − F βνj free

ν − x
2µ0

Fστ∇βFστ , (26)

where Tαβ
f represents the perfect-fluid contribution to the

energy-momentum tensor; one can recognise the usual
Lorentz force term, too, arising from free currents. In the
absence of magnetisation, the expression is the same as in
Bonazzola et al. (1993).

As in Bocquet et al. (1995), in the case of rigid rotation
(Ω constant across the star), a first integral of the following
expression is sought
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+
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In order to obtain this first integral, one introduces the
enthalpy per baryon and its derivatives. It can be shown
that, even in the presence of the magnetic field, the loga-
rithm of the enthalpy per baryon represents again a first
integral of the fluid equations. To that end, let us first note
that for the neutron star case with a magnetic field in beta-
equilibrium and at zero temperature, the enthalpy is a func-
tion of both baryon density and magnetic field
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ε+ p
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Hence we have
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In addition, the following thermodynamic relations are valid
under the present assumptions
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∂p
∂nb

(30)

∂p
∂b

∣

∣

∣

∣

µb

= m(=
√

mµmµ) = − ∂ε
∂b

∣

∣

∣

∣

nb

. (31)

And we obtain for the derivative of the logarithm of the
enthalpy
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The second term in Eq. (27) – Fiρj
ρ
free – is treated as

in Bonazzola et al. (1993) and we assume that i) matter
is a perfect conductor (At = −ΩAϕ inside the star); ii) it
is possible to relate the components of the electric current

to the electromagnetic potential Aϕ, through an arbitrary
function f , called the current function:

jϕ − Ωjt = (ε+ p)f (Aϕ) . (33)

Under these two assumptions, the Lorentz force term be-
comes

Fiρj
ρ
free =

(

jϕ − Ωjt
) ∂Aϕ

∂xi
= − (ε+ p)

∂M
∂xi

, (34)

with

M(r, θ) = −
∫ Aϕ(r,θ)

0

f(x)dx. (35)

The last term can be written in terms of the magnetic
field bµ in the FRF as (with b2 = bµb

µ):

x
2µ0

Fµν∇iF
µν =

x
µ0

(bµ∇ib
µ − bµb

µuν∇iu
ν) = b∇ib = m

∂b
∂xi

,

(36)
from the expression (11), and the definition (13).

Thus, this last term cancels with its counterpart in
Eq. (32) and the first integral (27) keeps exactly the same
form as without magnetisation:

lnh(r, θ) + ν(r, θ)− lnΓ(r, θ) +M(r, θ) = const. (37)

3.4 Numerical resolution

The equations have been solved with the library lorene, us-
ing spectral methods to solve Poisson-like partial differential
equations appearing in the Einstein-Maxwell system (22),
(20) and (21). For more details about these methods, see
e.g. Grandclément & Novak (2009). The code follows the
algorithm presented by Bocquet et al. (1995), but with the
modification of the inclusion of new magnetisation terms,
i.e. depending on the magnetisation x defined in Eq. (13),
in these partial differential equations. However, as it has
been shown in Eq. (37) the expression for the equilibrium of
the fluid in the gravitational and magnetic fields does not
change.

The most important difference with Bocquet et al.
(1995) comes from the use of an EoS which gives all the
needed variables: p, ε, nb, x; depending on two parameters
(instead of one): the enthalpy h (28) and the magnetic field
amplitude in the FRF b =

√

bµbµ. These quantities are first
computed and stored on a table once for all. This is then read
by the code computing the equilibrium global models, and
a bi-dimensional interpolation using Hermite polynomials is
used, following the method described by Swesty (1996), to
ensure thermodynamic consistency of the interpolated quan-
tities (p(h, b), ε(h, b), nb(h, b) and x(h, b)).

The free physical parameters entering our model are:
the EoS, the current function f (33), the rotation frequency
Ω and the logarithm of the central enthalpy Hc = log(h(r =
0)). Once the equilibrium configuration has been computed,
global quantities are obtained either from integration over
the star’s volume (e.g. baryonic mass MB) or from the
asymptotic behaviour of the gravitational field (e.g. gravita-
tional mass MG) and of the electromagnetic field (e.g. mag-
netic moment M). Detailed definitions and formulae can be
found Bonazzola et al. (1993) and Bocquet et al. (1995).
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•  The structure equations of neutron stars are obtained by solving Einstein’s field 
equations
•  In the 3+1 Formalism, solving the Einstein’s equations (system of 2nd order PDEs) 
are reduced to integration of a system of coupled 1st order PDEs subject to certain 
conditions:

-  6 evolution equations for the extrinsic curvature
-  1 Hamiltonian constraint equation
-  3 momentum constraint equations
•  The formulation has been employed to construct a numerical code (LORENE) 
using spectral methods                                      Langage Objet pour la RElativité NumériquE  

•The code has been extended to include coupled Einstein-Maxwell equations 
describing rapidly rotating neutron stars with a magnetic field

• Incorporate magnetic field dependent EoS 
• Incorporate magnetisation by modifying the inhomogeneous Maxwell equations

Bonazzolla, Gourgoulhon, Salgado, Marck (1993)

Bocquet, Bonazzola, Gourgoulhon, Novak (1995)

numerical resolution
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maximal deformation due to magnetic field

BP = 8.16 x1017 G

Magnetic field lines and enthalpy isocontours in the meridional (x, z) plane for static configuration for 
Bpolar=8.16x1017G, Mag moment = 3.25x1032 Am2, MG =2.22 Msol 
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Figure 3. Magnetic field lines (left) and enthalpy isocontours (right) in the meridional plane (x, z), for the static star configuration,
with a gravitational mass of 2.22M! and a polar magnetic field of 8.16× 1017 G. The stellar surface is depicted by the bold line. In the
right figure, solid lines represent positive enthalpy isocontours, dashed lines negative ones (no matter).
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Figure 6. Neutron star maximal mass (left panel) and relative difference in this mass among three models, as a function of magnetic
moment. The three models correspond to the possibility or not of including of magnetisation term x (“M” or “no M”), and to the
magnetic field dependence or not of the EoS (“EoS(B)” or “no EoS(B)”).

the gravitational mass and radius

C =
GMG

Rcircc2
, (38)

where Rcirc is the circumferential equatorial radius (see
Bonazzola et al. (1993)). We studied the behaviour of the
compactness of a neutron star of baryon mass 1.6 M! with
magnetic moment, as illustrated in the Fig. (7). The com-

pactness was found to decrease with increase in magnetic
moment. This is understandable from the centrifugal forces
exerted by the Lorentz force on matter at the center, increas-
ing with increasing magnetic moment, i.e. magnetic field, see
e.g. the discussion in Cardall et al. (2001). Again the lines
corresponding to the cases with and without magnetisation
or magnetic field effects in the EoS are almost indistinguish-
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• Stellar configurations strongly deviate from spherical symmetry
• Upon increasing magnetic field strength, the shape of the star becomes more and more      
elongated, finally reaching toroidal shape 
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• Gravitational mass varies with central log enthalpy and magnetic field
• Static configurations determined by different values of central log-enthalpy along constant 
sequences of magnetic dipole moment
• Plot of polar magnetic field corresponding to the values of magnetic moment for a neutron 
star of MB = 1.6 Msol

• Maximum gravitational mass MGmax was determined by parabolic interpolation
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4 RESULTS AND DISCUSSION

We computed models of fully relativistic neutron stars with
a poloidal magnetic field, employing the EoS described in
Sec.(2.2), and a constant current function (33) f(x) = f0.
As shown in Bocquet et al. (1995), the choice of other cur-
rent functions for f would not alter the conclusions. Vary-
ing f0 allowed us to vary the intensity of the magnetic field,
as measured for instance by the value of the radial com-
ponent at the star’s pole (polar magnetic field), or by the
magnetic moment. The variation of the central enthalpy has
a direct influence on the star’s masses (MB and MG), al-
though they depend on the rotation frequency and magnetic
field strength, too. To demonstrate pure magnetic field ef-
fects on the neutron star configurations, we first computed
static neutron stars.

The first point to emphasise is that, as it has already
been illustrated, e.g. in Bocquet et al. (1995); Cardall et al.
(2001), the stellar configurations can strongly deviate from
spherical symmetry due to the anisotropy of the energy-
momentum tensor in presence of a non-vanishing electro-
magnetic field. As an example we show in Fig. (3) the mag-
netic field lines and the enthalpy profile in the (r, θ)-plane
for a configuration with a magnetic moment of 3.25×1032 A
m2 and a baryon mass of 2.56 M!. These values correspond
to a polar magnetic field of 8.16 ×1017 G and a gravitational
mass of 2.22 M!. The asymmetric shape of the star due to
the Lorentz forces exerted by the electromagnetic field on
the fluid is evident from the figures. Upon increasing the
magnetic field strength the star’s shape becomes more and
more elongated, finally reaching a toroidal shape, see Cardall
et al. (2001). However, our code is not able to treat this
change of topology and the configuration shown in Figs. 3
represents the limit in terms of magnetic field strength, that
can be computed within our numerical framework. There-
fore for this study, we compute stellar configurations within
this maximum limit. Nevertheless, note that the polar mag-
netic field value is well above any observed magnetic field in
magnetars.

The determination of the maximum gravitational mass
is usually performed considering sequences of constant mag-
netic moment M and increasing central enthalpy Hc (see
Bocquet et al. (1995)). To be able to relate better with as-
trophysical observations of magnetars, in Fig. (4) we plot the
value of the polar magnetic field corresponding to the values
of the magnetic moment for a neutron star having baryonic
mass 1.6 M!. In this Figure, three curves have been plotted,
corresponding to three types of configurations:

(i) A full model as described in Sect. 3, denoted by
EoS(B),M;

(ii) A model with magnetic field dependence of the EoS,
but no inclusion of the magnetisation terms x in the energy-
momentum tensor – setting x = 0 in Eqs.(23) and (19) –
denoted by EoS(B), no M;

(iii) A bare model where both these effects are excluded
(no EoS(B),no M), which is a case comparable with the
study by Bocquet et al. (1995).

These settings shall be used later in this work, too. The
polar magnetic field increases linearly with the magnetic
moment, and is indistinguishable between the three cases
discussed above, i.e. with and without inclusion of magnetic
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Figure 4. Polar magnetic field as a function of magnetic moment
for constant current function and baryonic mass 1.6 M! with and
without magnetic field dependence and magnetisation (see text
for details).

field dependence of the EoS and magnetisation. The relation
between the magnetic moment and the polar magnetic field
changes only slightly depending on the baryon mass of the
star, the present figure can therefore be used as a guideline
for all the configurations shown within this work.

We further studied the influence of using magnetic field
dependent EoS on the neutron star maximal mass, and we
computed static configurations determined by different val-
ues of central log-enthalpy Hc along constant curves of mag-
netic dipole moment M, and for each of them we plotted
the gravitational masses in Fig. (5). We then determined
the maximum gravitational mass (Mmax

G ) corresponding to
each values of magnetic moment by parabolic interpolation.

As noted before in Bocquet et al. (1995), the maximal
gravitational mass is an increasing function of M, and we
have retrieved this result in the left panel of Fig. 6. It is
evident that there is very little difference on inclusion of the
full model, with respect to the one by Bocquet et al. (1995),
but in order to be more precise, we plotted in the right panel
of Fig. (6) the relative differences in the maximum gravita-
tional masses as functions of the magnetic moment, with
and without the inclusion of the above magnetic field effects
compared to the case excluding these effects. In this right
panel, we see that even for very high magnetic moments, cor-
responding to polar magnetic field much higher than those
observed in magnetars (see Fig. 4 for correspondence), the
relative difference in the maximal mass of magnetised neu-
tron stars is at most of the order 10−3 and therefore negligi-
ble compared with uncertainties existing in the EoS models.

Another neutron star parameter of astrophysical inter-
est is the compactness C, which is the dimensionless ratio of
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effect of EoS(B) and M

• The 3 cases:
(i) without magnetic field dependence in EoS, without magnetisation : no EoS(B), no M
(ii) with magnetic field dependence in EoS, without magnetisation: EoS(B), no M
(iii) with magnetic field dependence in EoS, with magnetisation: EoS(B), M
• Maximal gravitational mass is an increasing function of magnetic moment
• The effects of inclusion of magnetic field dependence of the EoS and the magnetisation are 
negligible, contrary to the claims of several previous works

8 D. Chatterjee, T. Elghozi, J. Novak and M. Oertel

Figure 3. Magnetic field lines (left) and enthalpy isocontours (right) in the meridional plane (x, z), for the static star configuration,
with a gravitational mass of 2.22M! and a polar magnetic field of 8.16× 1017 G. The stellar surface is depicted by the bold line. In the
right figure, solid lines represent positive enthalpy isocontours, dashed lines negative ones (no matter).
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Figure 6. Neutron star maximal mass (left panel) and relative difference in this mass among three models, as a function of magnetic
moment. The three models correspond to the possibility or not of including of magnetisation term x (“M” or “no M”), and to the
magnetic field dependence or not of the EoS (“EoS(B)” or “no EoS(B)”).

the gravitational mass and radius

C =
GMG

Rcircc2
, (38)

where Rcirc is the circumferential equatorial radius (see
Bonazzola et al. (1993)). We studied the behaviour of the
compactness of a neutron star of baryon mass 1.6 M! with
magnetic moment, as illustrated in the Fig. (7). The com-

pactness was found to decrease with increase in magnetic
moment. This is understandable from the centrifugal forces
exerted by the Lorentz force on matter at the center, increas-
ing with increasing magnetic moment, i.e. magnetic field, see
e.g. the discussion in Cardall et al. (2001). Again the lines
corresponding to the cases with and without magnetisation
or magnetic field effects in the EoS are almost indistinguish-
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rotating configurations

• Observed magnetars are slowly rotating (P ~ s)
• We chose a sequence of neutron stars rotating at 700 Hz, close to fastest known rotating pulsar 
(716 Hz)
• Maximum mass increases with magnetic moment
• Effect of magnetisation and magnetic field dependence of EoS again found to be negligible

Magnetic field effects in neutron stars 9
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Figure 5. Gravitational mass as a function of central log-
enthalpy Hc, along seven constant curves of magnetic dipole mo-
ment M for non-rotating configurations.
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Figure 7. Compactness as a function of magnetic moment for
neutron star with baryon mass 1.6M! with and without magnetic
field dependence and magnetisation (see Fig.6).

able and the main effect arises from the purely electromag-
netic part already included in Bocquet et al. (1995).

Finally, we computed rotating configurations along a
sequence of constant magnetic dipole moments. For the mo-
ment the observed magnetars all rotate very slowly with pe-
riods of the order of seconds, see Mereghetti (2013), mainly
because the strong magnetic fields induce a very rapid spin-
down. This means that the fast rotating configurations do
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Figure 8. Maximum gravitational mass as function of magnetic
moment for static (0 Hz) and rotating (700 Hz) configurations,
with inclusion of magnetisation and magnetic field dependence in
the EoS.

not have any realistic observed counterpart for the moment,
and we perform this investigation mainly for curiosity. As
obtained in the static case, the maximum gravitational mass
was found to increase with the magnetic dipole moment M.
In particular, we chose a sequence of neutrons stars rotating
at 700 Hz, close to the frequency of the fastest known rotat-
ing pulsar, which rotates at 716 Hz (Hessels et al. (2006)). In
Fig. (8) we see the same behaviour for both cases: the max-
imal mass increases with the magnetic field and, although
it is not shown in the figure, the effects of magnetisation
or inclusion of the magnetic field are very small, as in the
non-rotating case.

5 CONCLUSIONS

In this work, we developed a self-consistent approach to de-
termine the structure of neutron stars in strong magnetic
fields, relevant for the study of magnetars. Starting from
the microscopic Lagrangian for fermions in a magnetic field,
we derived a general expression for the energy-momentum
tensor of one fluid in presence of a non-vanishing electro-
magnetic field. Due to the perfect conductor assumption,
the electric field vanishes in the fluid rest frame, and there-
fore only magnetisation and the magnetic field dependence
of the equation of state enter the final results. Equations
for the star’s equilibrium are obtained as usual from the
conservation of the energy-momentum tensor coupled to
Maxwell and Einstein equations. This consistent derivation
shows in particular that, as claimed by Blandford & Hern-
quist (1982), the equilibrium only depends on the thermo-
dynamic equation of state and magnetisation explicitly only
enters Maxwell and Einstein equations. This should answer
some discussion in the recent literature on the role of mag-
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compactness

• We studied the behaviour of compactness of a neutron star with baryon mass 1.6 with magnetic moment
• The compactness was found to decrease with increase in magnetic moment
• Centrifugal forces exerted by the Lorentz force on matter increases with increasing magnetic moment
• The influence of magnetic field dependence of EoS and magnetisation are negligible
• The main effect arises from the purely electromagnetic part

Magnetic field effects in neutron stars 9

0.1 0.2 0.3 0.4 0.5
Hc (c

2)

0.4

0.8

1.2

1.6

2

2.4

M
G

  ( 
M

so
l )

1031 Am2

2x1031 Am2

3x1031  Am2

4x1031 A m2

5x1031 A m2

6x1031 A m2

7x1031 A m2

Figure 5. Gravitational mass as a function of central log-
enthalpy Hc, along seven constant curves of magnetic dipole mo-
ment M for non-rotating configurations.
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Figure 7. Compactness as a function of magnetic moment for
neutron star with baryon mass 1.6M! with and without magnetic
field dependence and magnetisation (see Fig.6).

able and the main effect arises from the purely electromag-
netic part already included in Bocquet et al. (1995).

Finally, we computed rotating configurations along a
sequence of constant magnetic dipole moments. For the mo-
ment the observed magnetars all rotate very slowly with pe-
riods of the order of seconds, see Mereghetti (2013), mainly
because the strong magnetic fields induce a very rapid spin-
down. This means that the fast rotating configurations do
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Figure 8. Maximum gravitational mass as function of magnetic
moment for static (0 Hz) and rotating (700 Hz) configurations,
with inclusion of magnetisation and magnetic field dependence in
the EoS.

not have any realistic observed counterpart for the moment,
and we perform this investigation mainly for curiosity. As
obtained in the static case, the maximum gravitational mass
was found to increase with the magnetic dipole moment M.
In particular, we chose a sequence of neutrons stars rotating
at 700 Hz, close to the frequency of the fastest known rotat-
ing pulsar, which rotates at 716 Hz (Hessels et al. (2006)). In
Fig. (8) we see the same behaviour for both cases: the max-
imal mass increases with the magnetic field and, although
it is not shown in the figure, the effects of magnetisation
or inclusion of the magnetic field are very small, as in the
non-rotating case.

5 CONCLUSIONS

In this work, we developed a self-consistent approach to de-
termine the structure of neutron stars in strong magnetic
fields, relevant for the study of magnetars. Starting from
the microscopic Lagrangian for fermions in a magnetic field,
we derived a general expression for the energy-momentum
tensor of one fluid in presence of a non-vanishing electro-
magnetic field. Due to the perfect conductor assumption,
the electric field vanishes in the fluid rest frame, and there-
fore only magnetisation and the magnetic field dependence
of the equation of state enter the final results. Equations
for the star’s equilibrium are obtained as usual from the
conservation of the energy-momentum tensor coupled to
Maxwell and Einstein equations. This consistent derivation
shows in particular that, as claimed by Blandford & Hern-
quist (1982), the equilibrium only depends on the thermo-
dynamic equation of state and magnetisation explicitly only
enters Maxwell and Einstein equations. This should answer
some discussion in the recent literature on the role of mag-
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Figure 3. Magnetic field lines (left) and enthalpy isocontours (right) in the meridional plane (x, z), for the static star configuration,
with a gravitational mass of 2.22M! and a polar magnetic field of 8.16× 1017 G. The stellar surface is depicted by the bold line. In the
right figure, solid lines represent positive enthalpy isocontours, dashed lines negative ones (no matter).
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Figure 6. Neutron star maximal mass (left panel) and relative difference in this mass among three models, as a function of magnetic
moment. The three models correspond to the possibility or not of including of magnetisation term x (“M” or “no M”), and to the
magnetic field dependence or not of the EoS (“EoS(B)” or “no EoS(B)”).

the gravitational mass and radius

C =
GMG

Rcircc2
, (38)

where Rcirc is the circumferential equatorial radius (see
Bonazzola et al. (1993)). We studied the behaviour of the
compactness of a neutron star of baryon mass 1.6 M! with
magnetic moment, as illustrated in the Fig. (7). The com-

pactness was found to decrease with increase in magnetic
moment. This is understandable from the centrifugal forces
exerted by the Lorentz force on matter at the center, increas-
ing with increasing magnetic moment, i.e. magnetic field, see
e.g. the discussion in Cardall et al. (2001). Again the lines
corresponding to the cases with and without magnetisation
or magnetic field effects in the EoS are almost indistinguish-
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summary
  

• In this work, we developed a self-consistent approach to determine the structure of 
neutron stars in strong magnetic fields, relevant for the study of magnetars

• Taking as an example the EoS of quark matter in MCFL phase, we investigated the 
effect of inclusion of magnetic field dependence of the EoS and magnetisation

•  In particular, it was found that the equilibrium only depends on the thermodynamic 
EoS and magnetisation explicitly only enters Einstein-Maxwell equations

• In contrast to previous studies, we found that these effects do not significantly 
influence the stellar structure, even for the strongest magnetic fields considered

• The difference arises due to the fact that in previous works isotropic TOV equations 
were used to solve for stellar structure, whereas magnetic field causes the star to 
deviate from spherical symmetry considerably

Tuesday 24 March 2015


