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1916, 1918 Einstein

1923 Eddington

1941 Landau/Lifshitz

1957 H. Bondi

1960, 1969 J. Weber, bar detector

1969 K. Thorne, radiation reaction

1972 R. Weiss (MIT), interferometric detector

1974 H. Billing (MPI), interferometric detector

1974, 1978 Hulse-Taylor pulsar, radiation damping

1989 LIGO (Caltech, MIT), Virgo (F-I), GEO600 (G-GB)

2002 LIGO, data aquisition

2015 aLIGO, data aquisition
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Details on GW150914 and GW150226

B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016)

B. P. Abbott et al., Phys. Rev. Lett. 116, 241103 (2016)

B. P. Abbott et al., Phys. Rev. X 6, 041015 (2016)
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h(t)L = ∆L(t) = δLx − δLy
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source power (3 solar masses radiated away in 0.2 seconds)

6×1030kg 9×1016
( m

sec

)2

/200ms = 2.7×1048Watts = 0.75×10−4 c
5

G

maximum power of a single process

c5

G
=

Mc2

(GM/c2)/c
= 3.6× 1052Watts
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Interferometric Detection of GWs
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gravitational wave ds2 = ηµνdx
µdxν + hTT

ij dxidxj

electromagnetic wave A = Aµdx
µ = AT

i dx
i

Fermi normal coordinates

ds2 = −(1− 1
2c2

ḧTT
ij x̂ix̂j)c2dt̂2 + dx̂idx̂i (|x̂| << c/f)
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MTW: Gravitation (1973)

d2ẑ/dt̂2 = 0

d2ŷ/dt̂2 = 1
2 (−Ä+ŷ + Ä×x̂)

d2x̂/dt̂2 = 1
2 (Ä+x̂+ Ä×ŷ)

propagating in ẑ-direction

gravitational quadrupole wave
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chirp mass M :=
(m1m2)3/5

(m1 +m2)1/5
=
c3

G

(
5
96

ḟ

π8/3f11/3

)3/5

velocity
v

c
=

(
GMπf

c3

)1/3

gravitational quadrupole wave

hTT
ij (t,x) =

2
r

G

c4
Pijkm(n)Q̈km

(
t− r

c

)

Qkm =
∑

a

ma(xa
kx

a
m − 1

3
δkmx

a
l x

a
l )
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Gravitational Waves
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Multipole expansion of far zone (FZ) field (e.g., Blanchet in LRR)

hTT
ij (t,x) =

G

c4
Pijkm(n)

r

∞∑

l=2

{(
1
c2

) l−2
2 4
l!

M(l)
kmi3...il

(t− r∗
c

) Ni3...il

+
(

1
c2

) l−1
2 8l

(l + 1)!
εpq(k S(l)

m)pi3...il
(t− r∗

c
) nq Ni3...il

}

Mij(t− r∗
c

) = M̂ij

(
t− r∗

c

)

+
2Gm
c3

∫ ∞

0

dv ln
( v

2b

)
M̂

(2)

ij (t− r∗
c
− v) +O(1/c4),

r∗ = r +
2Gm
c2

ln
( r

cb

)
+O(1/c3)

18



Luminosity and energy loss

L(t) =
c3

32πG

∮

FZ

(∂th
TT
ij )2r2dΩ

L(t) =
G

5c5

∞∑
n=0

(
1
c2

)n

L̂n(t)

=
G

5c5

{
M(3)

ij M(3)
ij +

1
c2

[
5

189
M(4)

ijkM(4)
ijk +

16
9

S(3)
ij S(3)

ij

]

+
1
c4

[
5

9072
M(5)

ijkmM(5)
ijkm +

5
84

S(4)
ijkS(4)

ijk

]}

− <
dE(tret)
dt

> = < L(t) >
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Hamiltonian for General Relativity

G. Schaefer
Post-Newtonian methods: Analytic results on the binary problem
arXiv:0910.2857

D. D. Holm
Hamiltonian formalism for general-relativistic adiabatic fluids
Physica 17D, 1 (1985)
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xit
t+ dt

dxi = �N i
dt
Ndt

xi
3+1 splitting of spacetime nµ = (1,−N i)/N

nµ = (−N, 0, 0, 0)

nµ

gij Kij

Kij = −NΓ0
ij = −Ng0µ(giµ,j + gjµ,i − gij,µ)/2

ds2 = −(Ncdt)2 + gij(dxi +N icdt)(dxj +N jcdt)
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ds2 = −(Ncdt)2 + gij(dxi +N icdt)(dxj +N jcdt)

H =
∫
d3x(NH−N iHi) +

c4

16πG

∮

i0
d2si(gij,j − gjj,i)

N |i0 = 1 +O(1/r), N i|i0 = O(1/r)

If the constraints H = 0 and Hi = 0 are fulfilled and adapted
coordinate conditions happen, then

H =
c4

16πG

∮

i0
d2si(gij,j − gjj,i) ≡ HADM
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Binary Black-Hole Spacetimes
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independent field variables

coordinate conditions:

gij =
(

1 +
1
8
φ

)4

δij + hTT
ij

πii = 0, πij = −γ1/2(Kij − γijK), πi
i = πijhTT

ij , γ = det(γij), γij = gij

unique decomposition: πij = π̃ij + πij
TT

π̃ij = ∂iπ
j + ∂jπ

i − 2
3
δij∂kπ

k

πij
TTc

3/16πG: canonical conjugate to hTT
ij
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Hamilton and momentum constraints

γ1/2R =
1

γ1/2

(
πi

jπ
j
i −

1
2
πi

iπ
j
j

)
+

16πG
c3

∑
a

(
m2

ac
2 + γijpaipaj

)1/2
δa

G00 = 8πG
c4 T 00

−2∂jπ
j
i + πkl∂iγkl =

16πG
c3

∑
a

paiδa

G0
i = 8πG

c4 T 0
i
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isolated BH

ds2 = −
(

1− Gm
2rc2

1 + Gm
2rc2

)2

c2dt2 +
(

1 +
Gm

2rc2

)4

δijdx
idxj

= −
(

1− Gm
2Rc2

1 + Gm
2Rc2

)2

c2dt2 +
(

1 +
Gm

2Rc2

)4

δijdX
idXj

symmetry transformation (inversion): Rr =
(

Gm
2c2

)2

R2 = XiXi, r2 = xixi
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Brill/Lindquist, JMP 1963
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Brill-Lindquist: JMP 1963
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MTW: Gravitation (1973)

29



MTW: Gravitation
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Brill-Lindquist BHs

maximally sliced

ds2 = −
(

1− β1G
2r1c2 − β2G

2r2c2

1 + α1G
2r1c2 + α2G

2r2c2

)2

c2dt2 +
(

1 +
α1G

2r1c2
+

α2G

2r2c2

)4

dx2

total energy: EADM = − c4

2πG

∮

i0

dsi∂iΨ = (α1 + α2)c2

Ψ = 1 + α1G
2r1c2 + α2G

2r2c2

inversion map of the three-metric at the throat of black hole 1

r′1 = r1α
2
1G

2/4c4r21
r′1 = x′ − x1, r1 = x− x1, r1 = |x− x1|
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dl2 = Ψ4dx2 =
(
1 + α1G

2r1c2 + α2G
2r2c2

)4

dx2

dl2 = Ψ′4dx′2 =
(
1 + α1G

2r′1c2 + α1α2G2

4r2r′1c4

)4

dx′2

r2 = α2
1G2

4c4
r′1
r′21

+ r12, r12 = r1 − r2

m1 = − c2

2πG

∮
i0
ds′i∂

′
iΨ
′ = α1 + α1α2G

2r12c2

Ψ′ = 1 + α1G
2r′1c2 + α1α2G2

4r2r′1c4

32



−
(

1 +
1
8
φ

)
∆φ =

16πG
c2

∑
a

maδa (hTT
ij = 0 = pai)

φ =
4G
c2

(
α1

r1
+
α2

r2

)

αa = ma − ma +mb

2
+
c2rab

G




√
1 +

ma +mb

c2rab/G
+

(
ma −mb

2c2rab/G

)2

− 1




HBL = (α1 + α2) c2 = (m1 +m2) c2 −G α1α2
r12
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Metric in d-dimensional conformally flat space:

gij =
(

1 +
1
4
d− 2
d− 1

φ

) 4
d−2

δij

φ =
4G
c2

Γ(d−2
2 )

π
d−2
2

(
α1

rd−2
1

+
α2

rd−2
2

)

Ψ = 1 +
1
4
d− 2
d− 1

φ

34



−∆−1δ =
Γ((d− 2)/2)

4πd/2
r2−d

Ψ = 1 +
G(d− 2)Γ((d− 2)/2)
c2(d− 1)π(d−2)/2

(
α1

rd−2
1

+
α2

rd−2
2

)

(
1 +

G(d− 2)Γ((d− 2)/2)
c2(d− 1)π(d−2)/2

(
α1

rd−2
1

+
α2

rd−2
2

))
α1δ1 = m1δ1

1 < d < 2
(

1 +
G(d− 2)Γ((d− 2)/2)
c2(d− 1)π(d−2)/2

α2

rd−2
12

)
α1δ1 = m1δ1
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Higher Order Post-Newtonian Hamiltonians

¤−1
sym =

(
1 +

1
c2

∆−1∂2
t + ...

)
∆−1δ(t− t′)

Gret =
(

1− 1
c
|r− r′|∂t +

1
2c2

|r− r′|2∂2
t + ...

)
1

4π|r− r′|δ(t− t′)
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binary black holes to 4PN order

H(t) = m1c
2 +m2c

2 +HN +
1
c2
H[1PN ]

+
1
c4
H[2PN ] +

1
c6
H[3PN ] +

1
c8
H[4PN ] + . . .

+
1
c5
H[2.5PN ](t) +

1
c7
H[3.5PN ](t) + . . .

Ĥ = (H −Mc2)/µ, µ = m1m2/M , M = m1 +m2

ν = µ/M , 0 ≤ ν ≤ 1/4

test particles: ν = 0, equal masses: ν = 1/4

CMF: p1 + p2 = 0, p = p1/µ, r = r12 = |x1 − x2|,
pr = (n · p), q = (x1 − x2)/GM , n = n12 = q/|q|
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ĤN =
p2

2
− 1
q

Ĥ[1PN ] =
1
8
(−1 + 3ν)p4 − 1

2
[(3 + ν)p2 + νp2

r]
1
q

+
1

2q2

Ĥ[2PN ] =
1
16

(1− 5ν + 5ν2)p6

+
1
8
[(5− 20ν − 3ν2)p4 − 2ν2p2

rp
2 − 3ν2p4

r]
1
q

+
1
2
[(5 + 8ν)p2 + 3νp2

r]
1
q2
− 1

4
(1 + 3ν)

1
q3
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2.5PN dissipative binary dynamics

Ĥ[2.5PN ](t̂) =
2
5
d3Qij(t̂)
dt̂3

(
pipj − ninj

q

)

Qij(t̂) = ν(q′iq′j − 1
3
q′2δij)

t̂ = t/GM
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Ĥ[3PN ] =
1

128
(−5 + 35ν − 70ν2 + 35ν3)p8

+
1
16

[(−7 + 42ν − 53ν2 − 5ν3)p6 + (2− 3ν)ν2p2
rp

4

+ 3(1− ν)ν2p4
rp

2 − 5ν3p6
r]

1
q

+ [
1
16

(−27 + 136ν + 109ν2)p4 +
1
16

(17 + 30ν)νp2
rp

2

+
1
12

(5 + 43ν)νp4
r]

1
q2

+ [
(
−25

8
+

(
1
64
π2 − 335

48

)
ν − 23

8
ν2

)
p2

+
(
−85

16
− 3

64
π2 − 7

4
ν

)
νp2

r]
1
q3

+ [
1
8

+
(

109
12

− 21
32
π2

)
ν]

1
q4
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Ĥ[4PN ] =
(

7
256

− 63
256

ν +
189
256

ν2 − 105
128

ν3 +
63
256

ν4

)
p10

+

{
45
128

p8 − 45
16
p8ν +

(
423
64

p8 − 3
32
p2

rp
6 − 9

64
p4

rp
4

)
ν2

+
(
−1013

256
p8 +

23
64
p2

rp
6 +

69
128

p4
rp

4 − 5
64
p6

r +
35
256

p8
r

)
ν3

+
(
− 35

128
p8 − 5

32
p2

rp
6 − 9

64
p4

rp
4 − 5

32
p6

r −
35
128

p8
r

)
ν4

}
1
q

+

{
13
8
p6 +

(
−791

64
p6 +

49
16
p2

rp
4 − 889

192
p4

r +
369
160

p6
r

)
ν

+
(

4857
256

p6 − 545
64

p2
rp

4 +
9475
768

p4
r −

1151
128

p6
r

)
ν2

+
(

2335
256

p6 +
1135
256

p2
rp

4 − 1649
768

p4
r +

10353
1280

p6
r

)
ν3

}
1
q2
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+

[
105
32

p4 + C41 ν + C42 ν
2 +

(
− 553

128
p4 − 225

64
p2

r −
381
128

p4
r

)
ν3

]
1
q3

+

{
105
32

+ C21 ν + C22 ν
2

}
1
q4

+

{
− 1

16
+ c01 ν + c02 ν

2

}
1
q5

− 1
5
Î
(3)
ij (t̂)

∫ +∞

−∞
dw ln

( |w|c
2q

)
Î
(4)
ij (t̂− w) ν
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C42 =
(
−1189789

28800
+

18491
16384

π2

)
p4 +

(
−127

3
− 4035

2048
π2

)
p2

rp
2

+
(

57563
1920

− 38655
16384

π2

)
p4

r

C22 =
(

672811
19200

− 158177
49152

π2

)
p2 +

(
−21827

3840
+

110099
49152

π2

)
p2

r

c02 = −1256
45

+
7403
3072

π2
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C41 =
(
−589189

19200
+

2749
8192

π2

)
p4 +

(
63347
1600

− 1059
1024

π2

)
p2

rp
2

+
(
−23533

1280
+

375
8192

π2

)
p4

r

C21 =
(

185761
19200

− 21837
8192

π2

)
p2 +

(
3401779
57600

− 28691
24576

π2

)
p2

r

c01 = −169199
2400

+
6237
1024

π2

4PN

Jaranowski/GS (2013,2015), Damour/Jaranowski/GS (2014)
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H
near−zone (s)
4PN [xa,pa] = H loc 0

4PN [xa,pa]

+
2
5
G2M

c8
(
I
(3)
ij

)2
(
ln
r12
s

+ C
)

+
d

dt
G[xa,pa]

H
tailsym (s)
4PN (t) = −1

5
G2M

c8
I
(3)
ij (t)

×
∫ +∞

−∞
dv ln

( |v|c
2s

)
I
(4)
ij (t− v)
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Matching to results by Bini/Damour for perturbed Schwarzschild
metric from particle in circular motion yields C = − 1681

1536 .

Htailsym
4PN (t) = −1

5
G2M

c8
I
(3)
ij (t) Pf2r12/c

∫ +∞

−∞

dv

|v| I
(3)
ij (t− v)

Classical gravitational “Lamb Shift” (orbital average):

∆E = − G

5c5
GM

c3P

∫ P

0

dt

[
I
(3)
ij (t) Pf2r12/c

∫ +∞

−∞

dv

|v| I
(3)
ij (t− v)

]

<
dE

dt
> = − G

5c5
1
P

∫ P

0

dt

[
I
(3)
ij (t)I(3)

ij (t)
]

(Einstein’s quad. formula)
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Orbital Motion (ISCO)
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ISCO

H = H(p, r), p2 = p2
r + j2/r2, pr = (p · r)/r

circular orbits: pr = 0, p2 = j2/r2, H = H(j, r)

circular motion: ∂
∂rH(j, r) = 0 → H(j)

orbital frequency: ω = dH(j)
dj → H(ω)

ISCO: dH(ω)
dω = 0 or, alternatively ∂2

∂r2H(j, r) = 0

SBH: E(x) =
1− 2x

(1− 3x)1/2
− 1

= −1
2
x+

3
8
x2 +

27
16
x3 +

675
128

x4 +
3969
256

x5 + ...

E(x) ≡ H(x)−mc2

mc2
, x =

(
GMω

c3

)2/3
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circular orbits:

c2E4PN ≡ ĤN + c−2Ĥ[1PN ] + c−4Ĥ[2PN ] + c−6Ĥ[3PN ] + c−8Ĥ[4PN ]

E4PN (x) = −x
2

+
(

3
8

+
1
24
ν

)
x2 +

(
27
16
− 19

16
ν +

1
48
ν2

)
x3

+
(

675
128

+
(
−34445

1152
+

205
192

π2

)
ν +

155
192

ν2 +
35

10368
ν3

)
x4

− 1
2

(− 3960
128 + [c1 + 448

15 lnx]ν +
(− 498449

3456 + 3157
576 π

2
)
ν2 + 301

1728ν
3 + 77

31104ν
4
)
x5

Damour (’10)[lnx], Blanchet/Detweiler/Le Tiec/Whiting (’10)[lnx]

Jaranowski/GS (’12)[lnx, ν3, ν4], (’13)[ν2], Foffa/Sturani (’13) [lnx, ν3, ν4]

c1 = − 123671
5760 + 9037

1536π
2 + 1792

15 ln 2 + 896
15 γE = 153.88...

Bini/Damour (’13), Le Tiec/Blanchet/Whiting (’12) [numerical value]
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Jaranowski/GS (2013)
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Spin-Gravity Interaction

leading order spin orbit

HLO
SO =

G

c2

∑
a

∑

b 6=a

1
r2ab

(Sa × nab) ·
[

3mb

2ma
pa − 2pb

]

leading order spin(1)-spin(2)

HLO
S1S2

=
G

c2

∑
a

∑

b6=a

1
2r3ab

[3(Sa · nab)(Sb · nab)− (Sa · Sb)]

leading order spin(1) spin(1)

HLO
S2
1

=
G

c2
m2

2m1r312
CQ1 [3(S1 · n12)(S1 · n12)− (S1 · S1)]
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Hcon = HN +H1PN +H2PN +H3PN +H4PN

+ HLO
SO +HLO

S1S2
+HLO

S2
1

+HLO
S2

2

+ HNLO
SO +HNLO

S1S2
+HNLO

S2
1

+HNLO
S2

2

+ HNNLO
SO +HNNLO

S1S2
+HNNLO

S2
1

+HNNLO
S2

2

+
∑

a,b,c = 1,2

HLO
paSbS2

c

+ HLO
S2

1S2
2

+HLO
S1S3

2
+HLO

S2S3
1

+HLO
S4

1
+HLO

S4
1

Hdiss(t) = H2.5PN (t) +H3.5PN (t)

+ HDLO
SO (t) +HDLO

S1S2
(t)

e.g., Steinhoff (’11), Hartung/Steinhoff/GS (’13), Levi/Steinhoff (’16)
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Data Analysis

S. Finn: Detection, measurement, and gravitational radiation,
PRD 46, 5236 (1992)

C. Cutler/E. Flanagan: Gravitational waves from merging compact
binaries: How accurately can one extract the binary’s parameters
from the inspiral waveform?, PRD 49, 2658 (1994)

A. Królak/K. Kokkotas/G. Schäfer: Estimation of the
post-Newtonian parameters in the gravitational-wave emission of a
coalescing binary, PRD 52, 2089 (1995)

J. Creighton/W. Anderson: Gravitational-Wave Physics and
Astronomy, WILEY-VCH Verlag, Weinheim 2011
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3.5PN GW in comparison with IMRPhenom and NR

Ajith/Babak/Chen et al. 2008
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fundamental inner product for data analysis:

< h1|h2 > = 2
∫ ∞

0

h̃∗1(f)h̃2(f) + h̃∗2(f)h̃1(f)
Sn(f)

= 4Re
∫ ∞

0

h̃∗1(f)h̃2(f)
Sn(f)
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signal-to-noise ratio (of a signal): (ĥ = h(θ̂))

S

N
[ĥ] =

< ĥ|ĥ >
rms < ĥ|n > =< ĥ|ĥ >1/2≡ ρ
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Measurement Sensitivity

Consider observed s(t) which contains a signal h(t; θ̃) for unknown θ̃.

Interested in the distribution of ∆θ = θ̃ − θ̂.

<
∂h

∂θi
(θ̂)| ∂h

∂θj
(θ̂) > ≡ Γij Fisher information matrix

root-mean-square error:
√

(∆θi)2 =
√

Σii, Σij = (Γ−1)ij , variance-covariance matrix

correlation coefficient: cij = Σij/
√

ΣiiΣjj
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Application: Inspiral Waveform

G = c = 1
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Circular motion, Newtonian approximation

M = M1 +M2, µ = M1M2/M , Ω = M1/2/r3/2 (orbit), f = Ω/π

dr

dt
= − r

E

dE

dt
= −64

5
µM2

r3

r =
(

256
5
µM2

)1/4

(tc − t)1/4

h(t) =
(384/5)1/2π2/3Q(ϑ, ϕ, ψ, ι)µM

Dr(t)
cos

(∫ t

2πf(t′)dt′
)

df

dt
=

96
5
π8/3M5/3f11/3, M = µ3/5M2/5 chirp mass
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φ(t) =
∫ t

2πf(t′)dt′ = −2
[
tc − t

5M
]5/8

+ φc

redshifted masses: M = (1 + z)Mtrue, µ = (1 + z)µtrue

luminosity distance D = DL
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Fourier transform: h̃(f) =
∫∞
−∞ e2πifth(t)dt

stationary phase approximation:

B(t) = A(t)cosφ(t)

dlnA/dt << dφ/dt and d2φ/dt2 << (dφ/dt)2

B̃(f) ≈ 1
2
A(t)

(
df

dt

)−1/2

exp[i(2πft− φ(t)− π/4)], f ≥ 0

dφ(t)/dt = 2πf

t(f) = tc−5(8πf)−8/3M−5/3, φ(t(f)) = φ(f) = φc−2(8πfM)−5/3
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h̃(f) =
Q

D
M5/6f−7/6exp[iΨ(f)], f ≥ 0

Ψ(f) = 2πftc − φc − π

4
+

3
4
(8πMf)−5/3

shut off at r = 6M (about ISCO)

h̃(f) = 0 for f > 1/(63/2πM)

|dr/dt|
rdφ/dt

=
2
3
d2φ/dt2

(dφ/dt)2
<

1
55

(
4µ
M

)
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signal-to-noise squared:

(S/N)2(f) = 4
∫ f

0

|h̃(f ′)|2
Sn(f ′)

df ′ = 4
Q2

D2
M5/3

∫ f

0

(f ′)−7/3

Sn(f ′)
df ′

Sn(f) = ∞ for f < 10 Hz

for f > 10 Hz:

Sn(f) = S0

[(
f0
f

)4

+ 2

(
1 +

(
f

f0

)2
)]

S0 = 3× 10−48 Hz−1, f0 = 70 Hz
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Fisher information matrix: with A = (Q/D)M5/6

∂h̃

∂lnA = h̃,
∂h̃

∂tc
= 2πifh̃

∂h̃

∂lnM = −5i
4

(8πMf)−5/3h̃,
∂h̃

∂φc
= −ih̃

NS-NS binaries:

∆(lnA) = 0.10
(

10
S/N

)
, ∆tc = 0.40

(
10
S/N

)
ms

∆(lnM) = 1.2×10−5

(
10
S/N

)( M
M¯

)5/3

, ∆φc = 0.25
(

10
S/N

)
rad

BH-BH binaries with S/N = 10: ∆tc = 0.60 ms, ∆φc = 0.32 rad,

∆(lnM) = 1.3× 10−5
(
M
M¯

)5/3
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Post-Newtonian effects and parameter estimation

h(t) = Re

{∑
x,m

hx
m(t)eim

P
y Φy(t)

}

hx
m(t) =

µM

Dr(t)
gx

m(M1/M2)Qx
m(ϑ, ϕ, ψ, ι)

Φ(t) = Φ0(t) + Φ1(t) + Φ1.5(t) + ...

sufficient
h(t) = Re

{
h0

2(t)e
i2Φ(t)

}

h0
2(t): Newtonian quadrupole amplitude

68



without spin but with tail

Ω =
M1/2

r3/2

[
1 +

(
−3

2
+

µ

2M

)
M

r

]

df

dt
=

96
5
π8/3M5/3f11/3

[
1−

(
743
336

+
11µ
4M

)
(πMf)2/3 + 4π(πMf)

]

t(f) = tc − 5(8πf)−8/3M−5/3

[
1 +

4
3

(
743
336

+
11µ
4M

)
x− 32π

5
x3/2

]

φ(f) = φc − 2(8πfM)−5/3

[
1 +

5
3

(
743
336

+
11µ
4M

)
x− 10πx3/2

]

x = (πMf)2/3

69



h̃(f) = Af−7/6exp[iΨ(f)], 0 < f < (63/2πM)−1

Ψ(f) = 2πftc−φc−π4 +
3
4
(8πMf)−5/3

[
1 +

20
9

(
743
336

+
11µ
4M

)
x− 16πx3/2

]

∂h̃(f)
∂lnM = −5i

4
(8πMf)−5/3h̃(f)

[
1 +

55µ
6M

x+ 8πx3/2

]

∂h̃(f)
∂lnµ

=
3i
4

(8πMf)−5/3h̃(f)
[(
−3715

756
+

55µ
6M

)
x+ 24πx3/2

]
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with spin

df

dt
=

96
5
π8/3M5/3f11/3

[
1−

(
743
336

+
11µ
4M

)
x+ (4π − β)x3/2

]

β = M−2L̂ ·
[(

113
12

+
25
4
M2

M1

)
S1 +

(
113
12

+
25
4
M1

M2

)
S2

]

β approximately constant

J = L + S1 + S2 = const

Ψ(f) = 2πftc−φc−π4 +
3
4
(8πMf)−5/3

[
1 +

20
9

(
743
336

+
11µ
4M

)
x+ (4β − 16π)x3/2

]

A = Q(ϑ, ϕ, ψ, ι)D−1M5/6
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∂h̃(f)
∂lnM = −5i

4
(8πMf)−5/3h̃(f)

[
1 +

55µ
6M

x+ (8π − 2β)x3/2

]

∂h̃(f)
∂lnµ

=
3i
4

(8πMf)−5/3h̃(f)
[(
−3715

756
+

55µ
6M

)
x+ (24π − 6β)x3/2

]

∂h̃(f)
∂β

= 3i(8πMf)−5/3h̃(f)x3/2
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Appendix: On non-local-in-time Hamiltonian

Damour/Jaranowski/GS, PRD 89, 064058 (2014)

Damour/Jaranowski/GS, PRD 93, 084014 (2016)

Bernard/Blanchet/Bohé/Faye/Marsat, PRD 93, 084037 (2016)

Bernard/Blanchet/Bohé/Faye/Marsat, arXiv:1610.07934
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Stail =
G2M

5c8

∫
dt′I(3)

ij (t′)Pf2r(t′)/c

∫
dt′′

1
|t′ − t′′|I

(3)
ij (t′′)

Stail = − ∫
Htail(t)dt

Htail(t) = −G
2M

5c8
I
(3)
ij (t)Pf2r(t)/c

∫ ∞

−∞

dv

|v|I
(3)
ij (t+ v)

How to functionally differentiate Stail with respect to body
variables?

functional derivative of
∫
A[z(t), t]dt:

δA

δz
≡ ∂A

∂z
− d

dt

∂A

∂ż
+ ...
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δHtail

δr(t)
= −G

2M

5c8
δ

δr(t)
[I(3)

ij (t)Pf2r(t)/c

∫ ∞

−∞

dv

|v|I
(3)
ij (t+ v)]

δHtail

δpϕ(t)
= −G

2M

5c8
δ

δpϕ(t)
[I(3)

ij (t)Pf2r(t)/c

∫ ∞

−∞

dv

|v|I
(3)
ij (t+ v)]

with, formally,

I
(3)
ij (t+ v) = exp

(
v
d

dt

)
I
(3)
ij (t)

The Hamiltonian can also be written as

Htail = −G
2M

5c8
I
(3)
ij (t)Pf2r(t)/c

∫ ∞

0

dv

v
(I(3)

ij (t+ v) + I
(3)
ij (t− v))

= −2G2M

5c8
I
(3)
ij (t)Pf2r(t)/c

∫ ∞

0

dv

v
cosh

(
v
d

dt

)
I
(3)
ij (t)
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For circular orbits, I(3)
ij (t) is an eigenfunction of cosh

(
v d

dt

)
, reading

cosh
(
v
d

dt

)
I
(3)
ij (t) = cos (2vΩ(t)) I(3)

ij (t)

with Ω(t) = pϕ(t)
Mνr2(t) = ϕ̇ = ∂H0

∂pϕ
, H0 = 1

2Mν

p2
ϕ

r2 − GMµ
r , thus

Htail = −2G2M

5c8
I
(3)
ij (t)I(3)

ij (t)Pf2r(t)/c

∫ ∞

0

dv

v
cos

(
2v

pφ(t)
Mνr2(t)

)

Another writing of Ĥtail is

Htail = −2G2M

5c8
I
(3)
ij (t)Pf2r(t)/c

∫ ∞

0

dv

v
cosh (vX(H0)) I

(3)
ij (t)

with
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X(H0) =
∑

i

(
∂H0

∂pi(t)
∂

∂xi(t)
− ∂H0

∂xi(t)
∂

∂pi(t)

)

and

H0 =
p2

2µ
− GMµ

r

Htail is formally local in time t, using

I
(3)
ij (t) =

2GM
r2

(−4n<ipj> + 3(n · p)n<inj>)
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For elliptical orbits it is convenient to go over to Delaunay variables,
putting,

Iij(t; e) =
∞∑

p=−∞
Iij(p)exp(ipΩt)

It is also more convenient to go back to the tail-Hamiltonian with
r(t) replaced by constant s,

Htail = −2G2M

5c8
I
(3)
ij (t)Pf2s/c

∫ ∞

0

dv

v
cosh

(
v
d

dt

)
I
(3)
ij (t)

The tail action Stail reads

Stail = −
∫ t2

t1

Htaildt
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Taking t2 − t1 = N2π/Ω with N positive large integer (the larger N ,
the less relevant the time unit 2π/Ω), the action reads

Stail = (t2 − t1)
4G2MΩ6

5c8

∞∑
p=1

p6|Iij(p)|2Pf2s/c

∫ ∞

0

dv

v
cos (vpΩ)

Hereof the conserved Hamiltonian follows,

Htail = −4G2MΩ6

5c8

∞∑
p=1

p6|Iij(p)|2Pf2s/c

∫ ∞

0

dv

v
cos (vpΩ)
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