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1969 K. Thorne, radiation reaction

1972 R. Weiss (MIT), interferometric detector
1974 H. Billing (MPI), interferometric detector
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Details on GW150914 and GW150226'

B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016)
B. P. Abbott et al., Phys. Rev. Lett. 116, 241103 (2016)

B. P. Abbott et al., Phys. Rev. X 6, 041015 (2016)
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TABLE 1. Source parameters for GWI150914. We report
median values with 90% credible intervals that include statistical
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (14 z2)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 3673M
Secondary black hole mass Engm
Final black hole mass 6277 M
Final black hole spin 067 0
Luminosity distance 4](}1“:5{? Mpc
Source redshift z 0.0917%




TABLE I. Source parameters for GW151226. We report median
values with 90% credible intervals that include statistical and
systematic errors from averaging results of the precessing and
nonprecessing spin waveform models. The errors also take into
account calibration uncertainties. Masses are given in the source
frame: to convert to the detector frame multiply by (1 + z) [61]. The
spins of the primary and secondary black holes are constrained to be
positive. The source redshift assumes standard cosmology [62].
Further parameters of GW 151226 are discussed in [5].

Primary black hole mass
Secondary black hole mass

Chirp mass

Total black hole mass

Final black hole mass

Radiated gravitational-wave energy
Peak luminosity

Final black hole spin

Luminosity distance

Source redshift z

14.2753M
FERE T
8.9703M
21.8779M,,
20.8707M,

].ﬂj;:; M ¢

3.3_"?‘2 x 10°% erg/s
0.74536

4401 180 M]}C

~190
+0.03
0.090/04
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source power (3 solar masses radiated away in 0.2 seconds)

65

6 x 10°%ke 9 1016<
X g9 x a

) /200ms = 2.7 x 10*Watts = 0.75 x 10~
SeC

maximum power of a single process

c® B Mc?
G (GM/c?)/c

— 3.6 x 10°*Watts

11



Interferometric Detection of GWS.
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week ending
PRL 116, 061102 (2016) PHYSICAL REVIEW LETTERS 12 FEBRUARY 2016
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gravitational wave ds* = nudotdr” + h;g-deida:j

electromagnetic wave A = A,dzt = Aldx
Fermi normal coordinates

1 .. . . S
ds® = —(1 = s hiy #'#)cdi” +di'di’ (%] <<¢/f)
C
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propagating in z-direction

\ gravitational quadrupole wave

I

d*3/dt? = (A, 3+ Axq)

(a) Force lines for 4, =0, 4, > 0

d*/di? = L(—AL§+ Ay )

% d%z/dt?> = 0

MTW: Gravitation (1973)
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chirp mass M =

. 3/5
(m1m2)3/5 B (5 f
- 96 7T8/3f11/3

velocity = (

gravitational quadrupole wave

2G
h};’T(taX) r C4 zgkm( )ka (t — _>

1
— Z me(xiTe — gékmaj?w?)
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Gravitational Waves '
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Multipole expansion of far zone (FZ) field (e.g., Blanchet in LRR)
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Luminosity and energy loss

3
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Hamiltonian for General Relativity'

G. Schaefer
Post-Newtonian methods: Analytic results on the binary problem

arXiv:0910.2857

D. D. Holm
Hamiltonian formalism for general-relativistic adiabatic fluids
Physica 17D, 1 (1985)
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3+1 splitting of spacetime n* = (1,—-N")/N

n, = (—N,0,0,0)

Kij = —=NI%; = =Ng""(gipj + Gju,i — Gijou) /2

ds® = —(Nedt)? + g (dx + N'edt)(dz? + NV cdt)

21



ds®> = —(Nedt)? + g;;(dz* + N'edt)(dz’ + N7 cdt
j

4

i C
H = /d3a:(NH — N"H;) + 60 ]{ d?si(gis; — 9iii)

Nljo =1+ 0(1/r), N0 =0O(1/r)

If the constraints ‘H = 0 and H; = 0 are fulfilled and adapted

coordinate conditions happen, then

4
C
167G %0 dQSi(gij’j o gjj,z') = Hapwm
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Binary Black-Hole Spacetimes'
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independent field VariableSI

coordinate conditions:

1 \*
9ij = (1 + §¢) 035 + h;gT

=0, 77 =—"2KY—~YK), 7l =aThi", v =det(v), vij = 9
unique decomposition: 7% = 7Y + 7T212T

g . 9
— 8@7‘(“7 + 8j7T7’ — §57;j8k7rk

s EETC‘g /167G canonical conjugate to hg;.T
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Hamilton and momentum constraints.

1 . 1 . 167TG . 1/2
VPR = (7?7}'”?3 - 5”%) t > (m2e® + 9 paipa;) ' b

y1/2 c3 .
GO0 = 81G 700
167G
_2837‘-5 + ﬂ-klazf}/kl — 3 Zpaz5a
GO 7T4GTZ-O
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isolated BH '

4 . .
) 5@']’ dedeEj

rc?

| — 555 2 Gm \* S
- < 2GR;@2> ctdt? + (1 + > 0;;d X" dX’

. 2
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raQ

Fi16. 1. A two-dimensional analog of the Schwarzschild-K ruskal
manifold is shown isometrically imbedded in flat three-space. The
figure shows the curvature and topology of the metric

ds*= (1-+m/2¢)4 (dr++2ds?).

The sheets at the top and bottom of the funnel continue to infinity

and represent the asymptotically flat regions of the manifold
(r—0, r— ),

Brill /Lindquist, JMP 1963

S R e = = R
AN RN T AN

: T e .
=/ ] |\ el AR, *\‘ T80
ARSI

n"0

Fr6. 2. A two-dimensional analog of the hypersurface of time
symmetry of a manifold containing two “throats” is shown iso-
metrically imbedded in flat three-space. The ggure_llluslsratea the
curvature and topology for a system of two “particles” of equal
mass m, and separation large compared to m, described by the

metric
ds?= (14m/2ry-+m/2rs)4ds# .
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Lindquist: JMP 1963

Brill
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§31.6. DYNAMICS OF THE SCHWARZSCHILD GEOMETRY 839

Spacelike slices History History
A-B-C-D-E-F-G A-W-X-D-Y-Z-G

MTW: Gravitation (1973)
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Brill-Lindquist BHs I
maximally sliced

2
1 — 811G BaG G G 4
o= () a1 228 20 e

4+ 2ric2 - 2roc?

21r1c2 219 c2

C4

2(G

total energy: Eipy = — ]{ ds;0;¥ = (a1 + ag)c?
10

\:D:1_|_(X1G_|_(IQG

211 c2 2192

inversion map of the three-metric at the throat of black hole 1
ry =riafG?/4ctr?

!/ / _ —
r)=x"—x;, r=x-—-x1, r1=|xXx—X|
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Metric in d-dimensional conformally flat space:

4

1d—2 \7?
gij = (1 + Zﬁﬁb) 0
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F((d — 2)/2)
—A"0 = ; r

2(d — 1)x(d=2)/2 rf_z d—2

(L+GM—2ﬁ«d—@ﬂ)<a1 a2>)aﬁf:mﬁl

2(d — 1)r(d=2)/2 Tf_2 - Tg—z

1 <d<?2

(L+Gu—2ﬁ«d—%ﬂ)a2

2(d — 1)m(d=2)/2 70512—2

) 06151 = m151
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Higher Order Post-Newtonian Hamiltonians'

1
O = (1 + C—2A—18§ - ) ATt —t)

1 1 1
Gret = (1 — v — 1|0 + —5|r — '|?07 + ... 5(t—t
¢ ( c‘r | t+202|r el oy + Ar|r — 1| ( )
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binary black holes to 4PN order.

1
H(t) = mic® +mac® + Hy + C—ZH[lPN]

1 1 1
T C_4H[2PN] T C—6H[3PN] T C_SH[4PN] T ...

1 1
+ C_5H[2.5PN] (t) + C_7H[3.5PN] (t) +...

IA{: (H—MCQ)//L, ,u:mlmg/M, M:m1+m2
v=u/M, 0<v<1/4

test particles: v =0, equal masses: v =1/4

CMF: p; +p2 =0, P =Ppi/K, r =71y = |X] — Xal,
pr=(m-p), q=(x1—x2)/GM, n=np=q/lq
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2.9PN dissipative binary dynamics

L 2d3Q(t

ﬁ[2.5PN] (t) T 5 dl/gB

Qi () = v(q"q”
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1
Hipny = 155(=5+ 350 = T00% + 350%)p°

1
+ (=T + 420 = 5307 — 57 )p° + (2= )y’

1
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q

1 2y, 4, L 22
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- 589189_+ 2749 |, - 63347 1059 ,\ o
_— — i _— — — 70
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Jaranowski/GS (2013,2015), Damour/Jaranowski/GS (2014)

44



near—zone (s L locO
H,py ( )[Xa,pa] =  H,pN [Xas Pal
2 G2M (3) 2< r12 O
d
+ a G[Xaa pa]
ailsym (s 1 GQM (3)
Hip™ (1) = s L ()

+o0 |U‘C @)
X /_OO dv In (2—3> L7 (t —v)
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Matching to results by Bini/Damour for perturbed Schwarzschild

metric from particle in circular motion yields C' = —%.
- 1 G*M T du
tailsym o (3) (3)
Hypy' () = T 8 Iz’j (t) Ptor, /e /oo mlz'j (t —v)

Classical gravitational “Lamb Shift” (orbital average):

G GM [F (3) o0 du (3)
AE = -— dt|1::7(t) Pt — [/ (t —
5C5 CBP 0 [zj () 27“12/0/_00 |’U| 1) ( ’U)
dE IR
<> = —5%? /0 dt [I};’)(t)lg)(t)] (Einstein’s quad. formula)
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Orbital Motion (ISCO)I
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H=H(p,v), p*=p>+35%/r%  p.=(p-r)/r
circular orbits: p, = 0, p? = j%/r?, H = H(j,r)

circular motion: ZH(j,r) =0 — H(j)

orbital frequency: w = dill;j ) . H (w)

ISCO: | W) g or, alternatively g—;H(j, r) =0

dw
1 -2z
SBH: FE = —1
() (1 —3z)1/2
1 2

2" g 6% T 128" T 956
H(x) — mc? <GMw)2/3
b x:

c3
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circular orbits:

A

Espy = Hy + C_QI:I[lPN] + 0_41{1[2PN] + C_6I:—I[SPN] +c¢ " Hypny
T 3 1 27 19 1
5 _ .z o L 2 < 19 L o9 3
1Py (2) 2+(8+24”>$ +(16 16”+48”>x

675 (34445 205 ,\ 155 , 35 4\
O (2440 200 109 9 90
128 1152 ' 192 192 10368

1/ 3960 448 498449 | 31572\ .2 , 301 .3 77 4\ .5
2( 128 + o1 + 15 lna:]z/+( 3456 1T 576 7 )’/ + 1728V 1 31102V )33

Damour (’10)[Inz|, Blanchet/Detweiler/Le Tiec/Whiting (’10)[lnz]
Jaranowski/GS (’12)[Inz, v3, v*], (°13)[v?], Foffa/Sturani (’13) [Inz, v3, v*]

_ 123671 , 90372 , 1792 896 . _
Cl = — 5760 -+ 1536 T -+ 5 In2 + 5 VE = 153.88...

Bini/Damour (’13), Le Tiec/Blanchet/Whiting (’12) [numerical value]
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XLsco

Jaranowski/GS (2013)
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Spin-Gravity Interaction I

leading order spin orbit

leading order Spin(l)—spin(Q)
8182 o C2 Z Z 27“ a nGb)(Sb ) nab) o (SCL ) Sb)]
a b#a
leading order spin(1) spin(1)

G
HE = 55 Cg, [3(81 - m1a)(S1 - miz) — (S1-81)

2 2mqri,

ol



Heon = Hy+ Hipy+ Hopn + H3pn + Hapn
LO LO
+ Hgo + Hgs, + Hge' + Hg
NLO NLO NLO NLO
+ HYSO + HY'O + HYO 4 HY)

+ HNNLO +H51%EO +HNNLO +HNNLO

Haiss(t) = Haspn(t)+ Hsspn(t)

+ HG5O(t) + HS'S) (¢)

e.g., Steinhoff (’11), Hartung/Steinhoff/GS ('13), Levi/Steinhoff (’16)
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Data Analysis I

S. Finn: Detection, measurement, and gravitational radiation,
PRD 46, 5236 (1992)

C. Cutler/E. Flanagan: Gravitational waves from merging compact

binaries: How accurately can one extract the binary’s parameters
from the inspiral waveform?, PRD 49, 2658 (1994)

A. Krolak /K. Kokkotas/G. Schéafer: Estimation of the
post-Newtonian parameters in the gravitational-wave emission of a
coalescing binary, PRD 52, 2089 (1995)

J. Creighton/W. Anderson: Gravitational-Wave Physics and
Astronomy, WILEY-VCH Verlag, Weinheim 2011
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3.0PN GW in comparison with IMRPhenom and NR

Ajith/Babak/Chen et al. 2008
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fundamental inner product for data analysis:

~ ~

<hylhy > = 2/00 hi(f)ha(f) + );<f>h1<f>

56




FIG.1. Gravitational waveforms from coalescing compact
binaries are completely specified by a finite number of param-
eters § = (0',...,8%), and so form a surface S in the vector
space V' of all possible measured detector outputs s = s(t).
The statistical properties of the detector noise endow V with
the structure of an infinite-dimensional Euclidean space. This
figure illustrates the relationships between the true gravi-
tational wave signal h(ﬁ}, the measured signal s, and the
“best-fit” signal h(#). Given a measured detector output
s = h(6) 4+ n, where n = n(t) is the detector noise, the most
likely values @ of the binaries parameters are just those that
correspond to the point () on the surface S which is closest
[in the Euclidean distance (s — h|s — k)] to y.
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signal-to-noise ratio (of a signal): (iL — h(é))

. < hlh >

S ~ A
[k = =< hlh >Y2=p

rms < hln >

o8



Measurement Sensitivity
Consider observed s(t) which contains a signal h(t;6) for unknown 6.

Interested in the distribution of A§ = 6 — 8.

Oh .~ Oh 4
< O) =) > =Ty, Fisher information matrix
00, 00
root-mean-square error:
(A0;)? = /X4, i = (F_l)ij, variance-covariance matrix

correlation coefficient: ¢;; =%;;/\/2ii%;;

09



Application: Inspiral Waveform
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Circular motion, Newtonian approximation

M = M, + My, p = MMy /M, Q= MY2/r3/2 (orbit), f = Q/x

dr rdbE 6_4,uj\42

dt ~  E dt 5 73

1/2.2/3 , t
n(t) — 384/5) Dfit()ﬁ’%w’ M ( / 27rf(t’)dt’>

2]; _ 956778/3M5/3f11/3, M = 135 M?/°  chirp mass
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redshifted masses: M = (1 + 2) Myye, p=(1+ 2)ltrue

luminosity distance D = Dy,

62



Fourier transform: h(f) = [~ e?™fth(t)dt
stationary phase approximation:

B(t) = A(t)coso(t)
dinA/dt << do/dt and d*¢/dt* << (d¢/dt)?

i —1/2
B(f) ~ LA (%) expli@nft — 6(t) — 7/8)], [0

do(t)/dt = 2r f

Hf) = te—B@Bmf) M3 (t(f)) = 6(f) = pe—2(8m f M) 75/

63



: Q

h(f) = MPIOf~ Pexpli®(f)], >0

U(f) = 2 fte — bo — T+ S (8mMp)

shut off at »r = 6 M (about ISCO)
h(f) =0 for f > 1/(6%2xM)

rdbjdt 3 (dp/di)? 55

dr/dt] 2 d*¢/dt? 1 [4pu
(3r)
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signal-to-noise squared:

‘h / Q2 5/3 d (f/)_7/3d /
SN A o

Sn(f) = oo for f < 10 Hz

for f > 10 Hz:
- [(8) (- (1)),

So=3x10"*® Hz !, fy =70 Hz
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FIG. 2. This plot shows how the total signal-to-noise
squared S°/N? for a detected coalescing-binary waveform is
distributed in frequency f, assuming the detector noise curve
(2.1). Most of the signal-to-noise ratio comes not near 70 Hz
where the detector sensitivity S.(f) " is highest, but rather
at a somewhat lower frequency of ~ 50 Hz, because more cy-
cles per unit frequency are received at lower frequencies.
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Fisher information matrix: with A = (Q/D)M?>/6

~

oh - oh o3

amA b g ik
ail 5Z 5/3~ 3il . g
oM 4 (8TM f)™°/°h, 90, ih

NS-NS binaries:

) ~010(20). su =00 (22 )

./ 10 M3 10
s =120 (20 (2 a2 (22

BH-BH binaries with S/N = 10: At. = 0.60 ms, A¢. = 0.32 rad,
5/3
_ -5 (M
A(InM) = 1.3 x 10 (M@>
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Post-Newtonian effects and parameter estimation

h(t) = Re {Z K (t)e™™ 2 ‘Dy<t>}

M

hon (1) = WQ%(Ml/M2)Q%(T97 ps ;1)

d(t) = V(1) + d1 (1) + d1O(t) + ...

sufficient

h(t) = Re {hg(t)eim(t)}

h9(t): Newtonian quadrupole amplitude
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without spin but with tail

df 96 g3, 5/3,11/3 743 1lp 2/3
g = 5T M = e b g | PMA) T A (M f)

_ _ 4 (743 11 327
t(f) = te = 58 f) M [1 *3 (336 i 4MM> o —xm]

o - —5/3 § 743 11p 1on 3/2]
O(f) = e — 2(8mf M) [1+3 (336+4M)x 107

= (nMf)>%/3
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~

h(f) = Af~/Sexpli®(f)],  0< f<(6°2rM)”

U(f) = 2t 42 (BT M)~ [ gL (743 . ﬂ_ﬂ) . 16”3/21

1 o \336 T 1as
8B(f) _ 2 5/37 Do 3/2
S = 1 STMOTER(S) |14 e+ S

On(f) _ 3i 537 3715 | B5u 32
dlnu = (87 Mf)” h(f)K e 6M>:I:—|—247m: ]
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TABLE I. The rms errors for signal parameters and the
correlation coefficient ¢4y, calculated assuming spins are neg-
ligible. The results are for a single “advanced” detector, the
shape of whose noise curve is given by Eq. (2.1). M, and M
are in units of solar masses, while Atf. is in units of msec.
The rms errors are normalized to a signal-to-noise ratio of
S/N = 10; the errors scale as (S/N)™", while ci, is inde-
pendent of S/N.

—

My, M: Aé.  At.  AM/M  Aplp ca

2.0 1.0 1.31 0.721 0.0038%, 0.38%  0.899
1.4 1.4 1.28 0.713  0.0040% 0.41% 0.906
10 1.4 1.63 1.01 0.020% 0.54% 0.927
15 5.0 2.02 1.44 0.113% 1.5% 0.954
10 10 1.98 1.43 0.16%% 1.9% (.958
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with spin

df 96 s34 5/3 11/3 743 11:“ 3/2
i M?I2f 1 336 4M xr+ (47 — B)x

_,e [[(113 25 M, 113 25 My
=ML || == S S
& [(12+4M1>1 (12+4M2) 2]

(8 approximately constant

J=L+S;{+ S5 = const

B T 3 _5/3 20 (743 1lp B 3/2
U(f) = 2nfte—pe——+—(8TM[f)° [1+ 5 (336+4M)5L‘—1—(4ﬂ 167)x
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Oh(f)  bi . 550 /
it = 1 CTMO R |1+ G+ 6r = 202

Onf) _ 3i ~5/37 3715 dop ) /
Olnp 4 (BT MHTR) K 756 6M> z + (247 — 68)z” 2]
ag—(ﬂf) = 3i(8mMf) T h(f)a?
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TABLE II. The rms errors for signal parameters and the correlation coefficients ¢aqu, caqa, and
s, calculated using spin-dependent waveforms. The results are for a single “advanced” detector,
the shape of whose noise curve is given by Eq. (2.1}. For the rows marked with a t (and only for
those rows), the variance-covariance matrix has been “corrected” to approximately account for the
fact that the spin parameter 3 must satisfy |#] < Gmex = 8.5. The rms errors are normalized to
a signal-to-noise ratio of §/N = 10. Except for rows marked with a 1, errors scale as (5/N)" ke
while the correlation coefficients are independent of S/N. Except for rows marked with a f, if
had been chosen nonzero with M, and M unchanged, then AM /M, Au/M, and cpq, would have
been unchanged (but A3, caqp, and c,g would have been altered). As in Table I, M, and M; are
in units of Mg, while At. is in msec. The results for the LIGO-VIRGO network of detectors, for
a signal with combined signal-to-noise ratio from all the detectors of 10, will be approximately the
same as those shown here; see text.

Ml M; ﬁ ﬂiﬂl'; At .ﬂ.MI."IM .ﬂ.#l.-"# Al A C A CuA

2.0 1.0 1] 4.13 1.14 0.034% 8.44% 1.04 -0.988 0.993 -0,9989
1.4 1.4 0 4.09 1.13 0.034% 0.65% 1.24 -0, 988 0.993 -0.9991
10 1.4 0 6.24 2.03 0.19% 15.2% 1.99 -0.990 0.994 -0.9994
B 1.4 0 4.89 1.44 0.10% 13.4% 1.73 -0.989 0.994 -0.9992
15 5 0 9,26 3.53 1.06% 76.4% 11.4 -0.992 0.994 -0.99980)
15 5 0 5.77 2.40 0.64% 45.8% .81 -0.978 0.984 -0.9995
10 10 0 8.26 3.53 1.42% 125% 19.5 -0.992 0.994 -0.99988
10 10 01 4.13 1.92 0.59% 49.9% 7.79 -0.953 0,964 -0.99492
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Appendix: On non-local-in-time Hamiltonian'

Damour/Jaranowski/GS, PRD 89, 064058 (2014)
Damour/Jaranowski/GS, PRD 93, 084014 (2016)

Bernard /Blanchet /Bohé /Faye /Marsat, PRD 93, 084037 (2016)
Bernard /Blanchet /Bohé /Faye /Marsat, arXiv:1610.07934
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G*M

Stail _
5c8

(3) 1 (3)
di' 15" (') Papar) e / dt"mlzj (")

Stail — thaﬂ(t)dt

Htail(t) —

How to functionally differentiate S*! with respect to body
variables?

functional derivative of [ A[z(t),t]dt:



o [ tail G’M § > dv
— - S OParye [ TP+ 0)

with, formally,

3 d\ .3
Ii(j)(t + v) = exp (’v%) IZ-(j)(t)

The Hamiltonian can also be written as

ai T dv, (3 3
= P OPy [ U0+ 100 0)

2G2 M *d d
_ _G—]@(t)PfQT(t)/C/ —vcosh (va) I;;)(t)
0

U



For circular orbits, I z(33 ) (t) is an eigenfunction of cosh (v%), reading

cosh (v%) Iz-(;’)(t) = cos (2v€)(t)) IS’) (t)

with Q) = 372505 = ¢ = 300, Hy = 57 % — S2 thus

. 2G*M > d t
H* = — =17 ()1 ()PLar o). / = cos (2v Po(t) )
¢ 0

Another writing of At ig

> dv

(£)Pfar sy e /0 Y cosh (X (Ho)) 19 (1

_2G°M )
8 "ij v

He

Htail _

with
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OH, O 0H, 0
X (Hp) = Z (8]9@'(75) dxi(t)  Ozi(t) 0}%(@)

1

and

p° GMy
214 r

Hy =
H'"! is formally local in time ¢, using

2GM

3
Iz(j)(t) — 2

; (—4n<ipj> + 3(n - p)n<inj>)
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For elliptical orbits it is convenient to go over to Delaunay variables,

putting,

I;;(t;e) Z I;; (p)exp(ipSit)

pP=—00

It is also more convenient to go back to the tail-Hamiltonian with

r(t) replaced by constant s,

ai 2G*M (3 dv d 3
HAl — - I,L.(j)(t)PfQS/C/O —cosh (va) Ii(j)(t)

cB v

The tail action St reads

. t2 .
Stall _ _/ Htaﬂdt

t1
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Taking to — t; = N 27w /Q with A positive large integer (the larger N,
the less relevant the time unit 27/€2), the action reads

4 2MQ6 - d
Stail — (1, — ) G Zp 11;; (p \QPfgs/c/ —Ucos(vpﬂ)

(%

Hereof the conserved Hamiltonian follows,

. 4G2MQ6 - d
Hbl = Zp 1;; (p |2Pf28/0/ @ cos (vp?)
0

(%
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